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Abstract. The s-convex functions of first kind and of second kind are well known functions. We would use
recently introduced notion of s—convex functions of mixed kind and we would call it (s,7)—convex function. It
would generalize the notion of first kind and second kind convexity in the sense that both kinds of convexities
would be obtained easily by imposing certain specific conditions on it. We would state generalization of Hermite-
Hadamard type inequalities by using our new notion of (s,r)—convex function via Riemann-Lioville fractional
integrals.
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1. INTRODUCTION AND PRELIMINARY RESULTS

The theory of convex functions is getting attention of people significantly nowadays. It is observed that by
using different and new ideas and different ways classical convexity has become general and extended see for
example [2, 4, 6, 10, 1618, 20]. The notion of s—convex function as s—convex function of 2nd kind in literature

was introduced by Breckner [2] as follows:

Definition 1.1. Let I C [0,c0). A function ¥ : I — R is said to be s—convex of the 2nd kind, if
P((1—w)x+wz) < (1—w)"P(x) +w'¥(y) [€))

forallx,z €1; s,w € [0,1].

For definition of first kind convex functions we recall from [11]:
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Definition 1.2. Let I be a real interval. A function ¥ : I — R is known as s—convex of the 1st kind, if
Y((1—w)x+wz) < (1—w")¥(x) +w"¥(z) 2)
forallx,z € I; r,we [0,1].

It is worth mentioning that in article [11], the definition of first kind is cited to Toaders’ article [17], but we
could not find such definition in [17]. So we consider it as a new definition of first kind in sense of Noor and
Awan article [11].

In [8] we can find definition of (s,m)—convex function given by Mihesan in year 1993 which may be stated
as:

Definition 1.3. The function f : [0,b] — R with b > 0 is said to be (s,m)—convex, where s,m € (0,1], and
welo1]if

flx+m(1—w)y) < f(x) +m(1—w")f(y) (€))

Note that if m = 1, then (s,m)—convexity make match with definition of first kind as stated in 1.2.

One of the well-known inequalities related to the integral mean of a convex functions are the Hermite-
Hadamard Inequalities named after Charles Hermite and Jacques Hadamard and sometimes called Hadamard’s
inequality [7]. The Hermite-Hadamard inequality is a refinement of midpoint inequality which is a special case
of Jensen’s inequality. Due to the importance of Hermite-Hadamard inequality, a number of mathematicians
continue to write research articles on this type of inequalities. The Hermite-Hadamard inequality has made great
contributions in the fields of integral inequalities, approximation theory, information theory, special means theory
and numerical analysis and has been developed for different classes of convexities. Hermite-Hadamard type of
inequalities ware established by Sarikaya ez. al. [14] through fractional integrals one can similar inequalities in
articles [10, 13, 19].

In this paper we would recall some results for 1st and 2nd kind of s—convex functions. We would like to use
newly introduce class of s—convex function of mixed kind. We would apply these results to Hermite-Hadamard
type inequalities via fractional integral. The idea used in this work may attract research in the near future. This is
the main motivation of the paper. From now onward we assume that, unless stated otherwise, / is a real interval.

‘We recall here definition of P—convex function from [6]:
Definition 1.4. A function y : I — R is known as P—convex, if
Y((1=w)x+wz) < w(x) +y(z) 4)
forallx,z € I andw € [0,1]. This class of functions is denoted by P(I).
Here we also have definition of quasi—convex function (for detailed discussion see [3] and [5])
Definition 1.5. A function y : I — R is known as quasi—convex, if
V(1= w)x+wz) <max{y(x), y(z)} )
forallx,ze I, we[0,1].

Now we slightly modify the definition of s—convex functions of the first kind as follows:
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Definition 1.6. A function y : I — R will be called s—convex of the 1% kind, if
V((L=wx+wz) < (1-w)y(x) +wy(z) (©)
forallx,zeI; rwel0,1].

Remark 1.7. Note that in this definition we also included r = 0. If we put r = 0, we easily get quasi—convexity
provided that y(z) > y(x).

Again we modify here definition of second kind convexity as under:
Definition 1.8. A function y : I C [0,00) — R, will be called s—convex of the 24 kind, if
W = W) w2) < (1= W) W) -0 () @
forall x,z €1I; s,w € [0,1].

Remark 1.9. In the similar manner, we have slightly improved definition of second kind convexity by including
s = 0. If we put s = 0, we easily get P—convexity (see Definition 1.4).

In [1] we have recently introduced a new class of functions, s—convex functions in the mixed kind, for
simplicity we would call it class of (s,r)—convex functions, may be defined as:

Definition 1.10. A function y : I — R is (s,r)—convex if
W= whr+w2) < (1—w) y() +wy(2), ®)
forallx,z €1 r,s,w € [0,1].

Remark 1.11.

For s =1, (8) gives us 1*' kind convexity provided that r # 0.

For r =1, (8) gives us 2" kind convexity provided that s # 0.

If s and r both are equal to 1, then (8) gives us ordinary convexity.

If s € (0,1) is arbitrary and r = 0, then (8) gives us quasi—convexity provided that y(z) > y(x).
If s =0 and r is arbitrary, then (8) gives us P—convexity provided that r # 0.

Renowned Holder’s inequality in its general integral form is given as follows [9]:

Theorem 1.12. Ler 1 < p,q < oo with 11 + 5 =1LIfyel,and § €L, then yp € L, and

[ vowau< villol, ©)

1
3 P
where y <.y i vl = ( [Iv@pan)” <o

Note that if we put p = g = 2, the above inequality becomes Cauchy — Schwarz inequality. Also, if we put
g =1 and let p — oo, then we get,

[ vt twan<vil-ligll

where ||y||. stands for the essential supremum of ||, i.e.,

[| W]l = esssup|y(u)].
Yu
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Definition 1.13. Ler v, ¢ are real valued functions defined on [z1,z2] and if || and |y||@|? are integrable on
[z1,22], then for ¢ > 1 we have:

-1 1

Jv@lowians | [walae) | [wwllowd

The above inequality is known as power mean inequality (see for reference [12]).

Definition 1.14. [15] Let v € L(zy,22]. Then the Reimann—Liouville fractional integrals JZTL w(0) and J" w(8)
1 2
of order 1 > 0 and z; > 0 are defined as respectively:

o v(6) = ﬁ ./(9 — )1y (r)dr 0>z
and .
T w(6) = ﬁ /(zf 0 ly()d,  6<z,
b
where

I'(n)= /Me”t”’ldt.
0

Moreover, J?, y(0)= J?, w(0) = y(0). If we put n = 1, the fractional integral reduces to classical integral.
z P

2. SOME SIGNIFICANT RESULTS
All the following significant results are extracted from [11].

Theorem 2.1. Let a function ¥ : [c,d] — R be two times differentiable function on (c,d) with ¢ < d. Suppose
W' € Llc,d] and |¥"| is s-convex function of 2nd kind, then the inequality for the integral fraction is given as

follows;

27+ 1) [ 5 n c+d
e R R B G|

I(s+n+2)

(d—c)?
) {C(‘g’"’w) "Tern+3)

< STt T) | 1 @1+ 19" a].

1
whereC(s,n,W):/ (1—w) M) (14 w) dw.
0

Theorem 2.2. Let a function ¥ : [c,d] — R be two times differentiable function on (c,d) with ¢ < d. Let
¥ e Llc,d] and |‘{’”| is s-convex function of 2nd kind, then integral fraction inequality is given as follows:
21710(n + 1) { n

+d
¥ LR 70 ) I
@=om |Jiege)- VO gy (d)} ( 2 >‘

< (i%)z (p(n +11)+1>% <v%l); {D‘P”(C)\"(Z”' —1)+|‘P”(")|qﬁ

+[1¥ @p e - )+ 1 @) : }
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1 1
where —+ — =1and g > 1.
P 4

Theorem 2.3. Let a function ¥ : [c,d] — R be two times differentiable function on (c,d) with ¢ < d. If‘P” €
L[c,d] and |‘P” |9 for q > 1 is s-convex function of 2nd kind, then integral fraction inequality is given as follows;

21r(n+1) {J,, 7T(C)+JH\TJ)+LP(d):| fly<c+d>‘

(d—c)n (<49 ( 2
(d_c)z " S " I'(s+n+2) %
S ] {(I‘P @rctnm)+ 1 @ ()

(19 @y @F () % }

1
where C(s,1,w) = / (1=w) T (1 4+ w)dw.
0
Theorem 2.4. Let a function ¥ : [c,d] — R be two times differentiable function on (c,d) with ¢ < d. Let
v e Llc,d] and |‘wP”| is s-convex function of 1st kind, then integral fraction inequality is given as follows;

271y + 1)
@ |

(o) g )|~ (50| < g Y o+ .

(5°
Theorem 2.5. Let a function ¥ : [c,d] — R be two times differentiable function on (c,d) with ¢ < d. If ¥ €

Llc,d] and W'| is s-convex function of 1st kind, then integral fraction inequality is given as follows;
. gral, q

(<4

21T+ 1) [ 4 " c+d
XD 1 w0 ] - (5

2

: z‘éi(,,cfl) (p(n +11)+1)E (s%ly )

{(|‘P” ON@ (r+1)—1)+ |‘I’” (d)|q>$ n (|‘PH @2°(s+1)—1)+ |‘P” (c)“l) @ },

1 1
where —+ — =1and g > 1.
q

Theorem 2.6. Let a function ¥ : [c,d] — R be two times differentiable function on (c,d) with ¢ < d. Let
v e Llc,d] and \‘P” |7 for g > 1 is s-convex function of 1st kind, then integral fraction inequality is given as
follows;

M 4+1) [ . ctd\| _ (d—o? [ 1 \'4
2 At rta) _ < -
d—on [’(iﬂ)*‘y(c)ﬂ%ﬂ(d)] q’( 2 )‘* 8s(m+1) <n+2) x

(b (et Gz wions ()

o (- (o)) ok (R3] )

Now in the next section we will state our main results.
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3. MAIN RESULTS

Before proceeding further, we state here an important result from [11], that will help us to solve our main
results:

Lemma 3.1. Let afunctionV : [c,d] — R be two times differentiable function on (c,d) with ¢ < d. If%" in L[c,d),

we have the identity given below for integral fraction:

2171+ 1) [ g c+d (d—c)? !
LRSS RN g :4/ NS}
(d—c)n J(%*_#) (C)H(%ﬂw (d)} ( 2 > 8(n—+1) 0( W
v (14w 1—w v 14+w 1—w

In this section we will obtain three main results for Hermite-Hadamard types fractional integral of (s,r)-
convex function of mixed kind.

3.1. Our first main results for (s,r)-convex function.

Theorem 3.2. Let a function ¥ : [c,d] — R be two times differentiable function on (c,d) with ¢ < d. Let

v e Llc,d] and |‘I’”| is the (s,r)-convex function, then integral fraction inequality is given as follows;

21T+ 1) [ 4 " c+d
P [, wier g, v v (10|

2

(d—c)?

< (rs+n+2)
- 2rs+3(n + ])

{H(mn?w) Y o e } (¥ @1+ @] a0

1
WhereH(r,s,n,W):/ (1—w)(nH)[T—(]_W)V]SdW_
0
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Proof. By using Lemma 3.1, property of absolute value function and the fact that \‘I’”\ is (s,r)—convex function,

we have

)=

% {J< (e >+J"%) Wﬂ —“’(?)‘

e [ e (e )

‘ (d _5)2 (n+l

(n+1) [ < 2
b "“{ (e Jcﬂdw

(n+1)

Lo (e
oy ()
< é(n+)l) {/1(1 — ) (”TWH 1de> 'dw

+/(1— (n+1) |/ (1;wd+1;wc> dw}
- oo (- (5 e () i
+ s ([i- (52) ] wrans (152) @) )

(d—c)? " T(rs+n+2) "
< W{H(nm,w)l‘i’ (C)Hm ¥ (d)|

r(}’s+ n +2) “I"”(C)l}

H(rs,nw)| ¥ ()| +

[(rs+n+3)
(d—C)2 F(rs+n+2) " "
=+ 1) {H(r’s’n’w)+F(rs+n+3)} (¥ @1+ ¥ @]

Corollary 3.3. Ifwe put r =1 in Theorem 3.2, then (10) becomes

21T (n + 1)
(d—=c)n

‘/nc+1 7\P( )+‘/ ct+d lP(d) -¥ ctd
(%) (F9)* 2

(d*C)z ) F(s+n +2) " "
< s (s + [ @)+ 19 @)

which is equal to the Theorem 2.1 and Theorem 2 in [11].

Corollary 3.4. Ifwe put s =1 in Theorem 3.2, then (10) becomes

%{’@F“’(“) <L+d>+‘1‘(")] “’(Czd)lﬁmf%)(cgfﬂ)[I‘P"<c>\+|‘1’”(d>|]

which is equal to the Theorem 2.4 and Theorem 5 in [11].
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3.2. Our second main results for (s, r)-convex function.

Theorem 3.5. Let a function ¥ : [c,d] — R be two times differentiable function on (c,d) with ¢ < d.Let ¥ e
Llc,d] and [P | is the (s,r)—convex function for mixed kind.

21T (n + 1) c+d (d—c)? 1 v
=S AR TOEAN (7)) ) ) iy |
(d—c)n {(#r )+ egaye ()} ( 2 )‘2”;3"(,7H) <p(n+1)+1> .

{ <‘P//(c)qG(r,s7n7w)+ ?:ﬁi;) " (‘I’N(d)"G(r,s,n7w)+ 5’#‘1;) ' } (1

1 - 1 1
where G(r,s,1,w) :/ 2" = (1—w)" dw, > + 2 =1withg>1.
0

Proof. By using Lemma 3.1, Holder’s inequality and the fact that [¥" | is (s, r)—convex function, we have

T ey “*’% v -¢(5)

= | U e [ ) e (L 1 |
<[ f o (1 +*d>de
e [ M(‘zw e
< = {[ammrne (e 52a) | an

T TICRE Y

= Egt(ln_:)lz) (p(n+11)+1>7) -

{[wiom [ (152 e (wram [ 57rn)])
o [ (152 o (i [ 5
: 2({31"_(1;2 1) (p(n +11)+1>% { (qIN(C)qu(mn’WH m) 5

’ (W (@)*G(rs,m,w) + . (CW) a } |

(rs+1)
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Corollary 3.6. Ifr =1 in Theorem 3.5, then (11) becomes

21-IT(n+1) {

n n _ c+d
@=oy J(#)*T(C)”@ﬁqj(d)} T( 2 )‘

< (i:"Ti)z <p(n +11)+ i > ﬁ (ﬁ)lj {[“P//(C)Iq(zr“ -+ @]

[ e -y o]

which is equal to the Theorem 2.2 and Theorem 3 in [11].

Corollary 3.7. Ifs =1 in Theorem 3.5, then (11) becomes

21T (n + 1) [

n n _ c+d
d—on J(%*‘P(C”ﬁ%*wdﬂ T( 2 >‘

(d*C)z 1 1% 1 %
<2”q3"(n+1)<p(n+1)+1> <m> x
{(¥ @@ -0+ @)+ (W @res-n+or) .

which is equal to the Theorem 2.5 and Theorem 6 in [11].

3.3. Our third main results for (s, r)—convex function.

Theorem 3.8. Let a function ¥ : [c,d] — R be two times differentiable function on (c,d) with ¢ < d.Let W' €
Llc,d] and |‘PH |9 for g > 1 is the (s, r)-convex function, then integral fraction inequality is given as follows;

EHED [ v o+ )| - (50 < 2<d)2) (;)Pé )

3q+rs
2 < m+1 n+2

1

{ (Hsrnon @fr+ (L2 o a)

+ (e @l (R W o) } (1)

1
WhereH(s7r,17,W):/ (1—W)(n+1)(2’—(1—w)’)s.
0

33
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Proof. By using Lemma 3.1, the power mean inequality and the fact that \‘I’”\q is (s,r)—convex function, we
have

% [J?%*‘P( )+ (g \P(d)} *T<c;d>‘:

e o [ (e ) o (e 5 o

(d—c) /l(]_w)(n+1)\p <1J;w +7d)dw‘

“18(n+1) Jo

o L (e o
T (Lo (oo (52 520
() (oo (a5

(d—c)? (;

<

(d—c)? 1
(5

{ < 01(1 _w(nﬂ)%w”(c)‘q_,_/ol Wl}/”(@) ! +

r_ —w)")’ ” 7W(+1) — W)’ ” é
R Et g S L (c”) }

. -}
<San (752) (Ja)*

{(I/()l(l—w)m*”[( =PI [ - @)+
(/Olufw)m*”[(zu( PN @+ [ 1m0 >”|~P”<c>>‘l’}

2
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Corollary 3.9. Ifwe put r =1 in Theorem 3.8, then (12) becomes

2+ 1) [ ) cd
“a—or {’%f')f‘l’(“)*’(%ﬂ’(‘”]”( 2 )‘

(dfc)2 ; 17% s w HC F(S+T'+2) " é
S () x{(H( ¥ @l + LD (o))

+(HG 10 @+ G o) }

which is equal to Theorem 2.3 and Theorem 4 in [11].

Corollary 3.10. [fwe put s =1 in Theorem 3.8, then (12) becomes

29 (M +1) [ g c+d
— Y(e)+J1,, Pd)| -V
(d*C)T' |:(0Ad)7 ((’)+‘I(r+d)+ (d):| ( 2 )‘

(d—cf ( 1\
soim () 1
(v (g & (R o (Rerne2))

o (- (Rrze3)) e (R3] )

which is equal to Theorem 2.6 and Theorem 7 in [11].

IN

Remark 3.11.

(1) Fors=r=1wewill get all results for ordinary convex functions.

(2) For the results in which Holder’s inequality is used, if we put p = q =2, then we get results corre-
sponding to Cauchy-Schwarz inequality. Also, if we put g = 1 and let p — oo, then we get results for
essentially bounded functions or results involving essential supremum.

(3) If we very values of n in our all main results we would get several new results. The case of N =1
would be of special interest. Further we can also get many results as our special cases as we have
done in our paper [1] and may capture results for many different classes of functions including class

of quasi-convex function and class of P—convex functions etc.
4. CONCLUSION

Hermite—Hadamard dual inequality is one of the most celebrated inequalities. We can find its various gen-
eralizations and variants in literature. In [1] we have recently introduced a generalized notion of (s, r)—convex
functions. This new class of functions contains many important classes including class of s—convex of the first
and of the second kind (and hence contains class of convex functions). It also contains class of P—convex func-
tions and class of quasi—convex functions under certain specific conditions. In this article, we have used this
new notion of (s,r)—convex functions to find various bound of Hermite-Hadamard type functions. To be more

specific, in Section 3, we have stated three different results related to estimation of bound of difference of right
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and middle term of Hermite—Hadamard type fractional integral dual inequality in absolute sense (similar to the

estimation of trapezoidal rule). Here we used different techniques including Holder’s inequality and power mean

inequality. Our proposed results captured various results stated in article [11].
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