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Abstract. In this paper, on the basis of the proved identities, we obtain generalized integral inequalities of
the Hermite-Hadamard type for exponentially (m;,m;)—convex functions in terms of the Riemann-Liouville
fractional integration operators. Some results existing in the literature are some special cases of our results.

Keywords: exponentially convex functions, exponentially (m;,m;)— convex functions, Hermite—-Hadamard in-
equality, Holder inequality, Holder- Iscan inequality, Improved power-mean inequality, Riemann—Liouville frac-

tional integrals.

1. INTRODUCTION

The study of convex functions always offers and provide an amazing and excellent
glimpse of the beauty and fascination of advance mathematics. The mathematicians al-
ways put an ability and working in this direction as a result, find and investigate have a
large variety of results that have fruitful and remarkable applications. The study of convex
functions has attracted shouldint a big deal of attention not only from the mathematicians,
but also from people working various other fields such as economics, statistics, data min-
ing, physics and signal processing. The theory of convexity also played amazing role in
the development of theory of inequalities. In the last decades, many mathematician have
worked on inequalities in the area of mathematics especially mathematical analysis, mathe-
matical physics and functional analysis. No one can refuse its importance and significance
and with the upcoming times this field is going on to robustness and widespread. Inequali-
ties have many uses in probability and statistical problems. Due to paramount background,
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convex analysis and inequalities have become an absorbing field for the attention of math-
ematicians and readers, see [1-7] and references in them.
The following definitions are well known in the literature.

Definition 1. The function g : [a;,a2] — R, is said to be convex, if we have
gAx+(1-2)y) <Ag(x)+(1—-21)g(y)
forall x,y € [a;,az] and A € [0,1].

Definition 2. Let g: 7 C R — R be a convex function and let aj,a; € I, with a; < a;. The
following double inequality;

g(a1+az) o1 /g(x)dxg glar) +8(az) 0

2 T ar—a
a

is known in the literature as Hadamard’s inequality. If g is concave then both inequalities
hold in the reversed direction.

Definition 3. ([8])For (m,my) € (0,1]?, a function g : [0,a2] — R s said to be ( my,m;)—convex,
if

g(mi&x+my(1=8)y) < m&g(x) +ma(1-8)g(y)
for all x,y € [0,az] and & € [0, 1].

In [9], Awan et al. gave the following definition of exponentially convex function.

Definition 4. ([9]) A mapping g : I C R — R is called exponentially convex, if

8(501+(1—§)az)§§%+ (1_§)M 2

elaz ’

for all aj,a; €1, & € [0,1] and A € R. Equation (2) is reversed, then g is called exponen-
tially concave.

Now, we give the definition of a exponentially (m;,m;)—convex [10].
Definition 5. For (m;,m) € (0,12 and A € R, a function g : [0,a2] — R, is said to be

exponentially (my,my)—convex, if

g(mléx—Fle(l—g)y)Sm1§%+m2(l_é)% 3)

for all x,y € [0,az] and & € [0, 1].
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Remark 1.1. It follows from Definition 5 that:
1.if my=my =1and A =0 then g(x)
is an classical convex function on [0,a);
2.if A =0, then g(x) is an (my,my) — convex function on [0, as];
3.if A=0andm; =1and m=my, then g(x)
is an m — convex function on [0,ay];
4.if my =my =1, then g(x) is an exponentially convex function on [0, az);
5.if m; =1 and m = m; then g(x)
is an exponentially m — convex function on [0, a;)
The classical definition of a Riemann—Liouville fractional integral in the literature is
given in the following way
Definition 6. Let g € L [a;,a;]. The Riemann Liouville integrals ]:T g and J;‘z, g of order
a > 0 with a; > 0 are defined by

e )= g [ 60 s @E . x>
and |

s )= [T €0 8@ x<a

(04
respectively where T' (&) = [e™“u®~'du. Here is J2+g (x) =J_g(x) = g(x). In the case
0 1 a4

of o = 1 the fractional integral reduces to the classical integral.

The refinement of Holder’s integral inequality is given as follows:

Theorem 1.2. (Hélder—Iscan Integral Inequality [11]) Let p > 1 and % —|—$ = 1. Ifuand
p

>

g are real functions defined on [ay,az] and if |u|P, |g|? are integrable functions on [ay,az]

then

NG {(/:?az—v) |u(é)|”dx); (_sz<a2_g)|g(g>|ng)5

. </(:2(x—a1)u(§)|pd‘§>}’ (/:2(5 —al)|g(<§)|qd§);}~

An improved form of the power mean inequality (another form of the previous inequal-
ity), is given by the following theorem:
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Theorem 1.3. (Improved power-mean integral inequality [12]). Let ¢ > 1. If u and g are
real functions defined on [ay,a;] and if |ul, |u||g|? are integrable functions on [a;,a]
then

[ memense < o= {(/:7“2—&) |u<é>|dé>1;
([ |g<5>|ng>5

+ (/:(é —a1)|u(§)dé)1_; (/:(5 —al)u(§)||g(§)|qd§){l]}.

The purpose of the article is to obtain generalized integral inequalities of the Hadamard
type for exponentially (m;,m;)—convex functions. These results are obtained using the
classical Holder inequalities and the improved Holder-Iscan inequality.

»

2. MAIN RESULTS

The Lemma stated below is a generalization of Lemma 3.1 from [13].

Lemma 2.1. Let g: I C R — R be a twice differentiable mapping on I°. If aym,axmy €1,
with aymy # aymy and g' € Llmyay,aymy), then for all a > 1 the following equality holds

glmai) + g(maz) Fa+1) (maaz —aymy)?
- [ el L VG A 4
2 Z(mzazfa]ml)a_l X 2 ( 1+ 2)7 ( )
where
U _(a+D) [JO‘ glaamy) +J% g(a1m1)}
myar —aymy L amy amy

- {J“;‘l:n}g(azmz) —&-J;;l'z,g(mml)} ,

1

ho= [E0-8)% @miE+ (1 - E)am)ds
0

and
1

b= [E0-8)%" (1= E)am +Eama)de.

0
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Proof. To calculate the integrals first we make a transformation of variables 1 — & = s, and
then twice integrating by parts we obtain:

1
g(asz)
I :/ s¥(1=5)g"((1 = $)aym; +sapmy)ds = —==2
1 0 ( )g (( ) 1171 2 2) ((,12 5 —a 1)2

oo —1 L
(azmi—aln)u)z/o 5% 2g((1 — s)aymy + saymy)ds
a(a+1)

1
a—1
- 1 —s)aymy + saymy)d
(ams —ay 1)2/0S g((1 =s)aimy + saxmy)ds

+

If we make (1 — s)a;m; + saxmy = x the transformation in the both integrals obtained and
taking into account the property of the Gamma functions, we obtain:

glamo) . T(a+l) 4

(azmzialml)z (aszfalml)OH»l azin;g

Ia+2) «
(agmy — aymy )&+2 " am;

L = (aymy)

(a1my)

Similarly for I, we have

glaimy) Fla+1) a1
L = J
2 (apmy —aymy )? + (apmy — aymy )@ +! alMTg(asz)
I'(ae+2
@) o o

(a2m2 —aym )a+2 apmy

Summing these equalities and then grouping the summands we get
I(a+1)

L+hL=
aymy —aymy )% +!

xU (5

T — army)? 8larm) + glazm)] = ¢

Finally multiplying both side of the equality (5) by the expression M we obtain
(4). Hence, proof is completely done (I

Remark 2.2. If we take mi = my = 1, then from Lemma 2.1 we obtain the equality known
in [13] (see Lemma 3.1).

Theorem 2.3. Let g:1=[0,a}] C R — R be twice differentiable function on I°. If a;,a; €
I1,¢" €L[0,a}], g" positively defined and |g"| is a exponentialy (m,my)— convex function,
whith my,my € (0,1], A <0, then for all o > 1 the following inequality holds

g(miar) +g(maz) Fla+1)

— U 6
2 Z(mzazfmlal)“—l % ‘ ( )

(maay —myar)® [milg"(ar)| | ma|g"(ar)]
2(a+1) (o +2) etai erax
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where
(+1) [Ja
moay —mpap L ™a

[.]O‘ Lg(mzaz)JrJ (mlal)}

U= +g(mzaz)+Jr‘jl‘zaz,g(mlal)}

Proof. From Lemma 2.1 and the properties of the module we have:

g(may) + g(maz) Fla+1)
2 2(m2a2 —mlal)“—l

XU‘ @)

2
moay —miaj
< e mal i),
Considering the fact that g” is an exponentially (my,m;)—convex function, for the first
integral we get:

s [ 608 |g tmang + (1 - Eman)|ag ®)
< mi tglalal |/ ‘5 ad§+m2 |g7m2a2 ‘/ é Ohleg
2m, |g" (a1)| m;|g"(a

(a+1)(a+2)(a+3)era  (a+2) (a+3)e’1“z

Similarly, for the second integral we get:

mi|g" (a1)] 2m; |g" (a)|
| < T —. ©)
(a+2)(a+3)ertar  (a+1)(a+2)(a+3)era
Adding inequalities (8) and (9) we get:
1 my|g"(ar)| | ma|g"(a2)|
I L| < . 10
|1+|2_(a+1)(a+2)[ T e (10)
Inequality (6) follows from (7) and (10). The proof is completed. (I

Corollary 2.4. Under the conditions of Theorem 2.3, if we choose o = 2, then from (6)
we obtain inequality for the exponentially (my,my)— convex functions:

glaym) +g(amy) 1 /“2’"2
2 maa; —myay Ja

g(x)dx (11)

1my

(axmy —aym)? [my|g"(a1)| | ma|g"(a2)]
- 24 et et '
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Corollary 2.5. Under the conditions of Theorem 2.3, if we choose m; =my =1 and A =0,
then from (6) we obtain the inequality for convex functions:

gla)+gla)  T(a+l) (a2 —ar)?

2 2(ar —ay)*! ‘ “2(a+1)(ax+2)

(18" (@)l +¢"(a2)]], (12)

where
(x+1)
ay —dj

U:

J% g(ar) +J% glar)| — |14 g(a2) +7% ' g(ar)]
I glan)] - | sl

Remark 2.6. In (12) if we choose o =2, then we obtain inequality for the convex func-
tions:

2 ay —dap

a a a) ar» —a 2
‘g< i) 1 < @=a)" 1)+ 8" (@)

g(x)dx 7

a
This inequality for convex functions obtained in [15](Proposition 2 ) and [13] (Corollary
3.1).

Corollary 2.7. Under the conditions of Theorem 2.3, if we choose A =0, then from (6) we
obtain the inequality for (my,my)—convex functions:

g(may) + g(maaz) Ila+1)
’ 2 B 2(m2a2 —mlal)"‘—l x U’ (13)

2
maa; —miap)

) [my|g"(a1)|+m2|g" (a2)]] .

(
=2(a+1)(a+2

where

U =
maaz —miag

— [Ji‘l_alrg(mzaz) +J:1‘;li,g(m1a1 )} .

(+1) [a +g(mzaz)+Jr‘jl‘zaz_g(mlal)}

miaj

Remark 2.8. In (13) if we choose m| = 1, my = m, then we obtain inequality for the
m—convex functions:

g(ar) +g(may) I(a+1)

’ : 2 : _Z(mazal)o‘1XU‘
M [|&" (@) +m|g"(a2)]]
2(a+1) (o +2) U8 AVITmIgRal]

where

U— (a+1)

o a o—1 o—1
Rl [Jarg(az)—FJaz,g(a])} - {Juf g(maz)—&-Jmaz, g(al)} ,
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Corollary 2.9. Under the conditions of Theorem 2.3, if we choose m; = 1, my = m, then
from (6) we obtain inequality for the exponentially m—convex functions::

glar) +glmay)  T(a+1) U _(may—ar)® (14)
2 2(mag — ay )% 2(a+1)(a+2)
lg"(a1)] | mlg"(a)]
X |: e}ml + elaz )
where
U= M o g(maz) +Ja g(al):| — {Jaflg(maz)-&-.]a*lg(al)}
may — ai aT may uT ma, .

Remark 2.10. In (14) if we choose a1 = 2,m = 1, then we obtain the exponential type
inequality. Some Exponential type inequality for first order derivative was obtained by
Naila and Anwar (see in [14] Corollary (3.4):

(a2 —a))? [|g”(al)| N g”(az)q .

24 etai etax

<

- g(x)dx

glar) +g(a2) 1
2 ar) —dy

Theorem 2.11. Let g : I = [0,a5] C R — R be twice differentiable function on I°. If
0<a <ay <a}, g € Llaym.aymy], g positively defined and |g"| is a exponentially
(m1,mp)— convex function, with & € (0,1), L <0, then for all a,q > 1 the following
inequality holds

_ 2 -
glam) +glaymy)  Tletl) o f leem—am)” o3t g5
2 2(a2m2 —all’l’l])afl 2
where
~ (a+1) o ,
U e Vi 8(aam) I, gl

_ [J:fl;lrg(azmz) +J;‘2;1i,g(a1m1 )} ,

i { 2 @), mis (e ", [mi )t 2nel ()] % }

(og+1)era et era (ag+1)era
1
u=[(ag+2)(ag+3)] 9.

Proof. From Lemma 2.1 and from triangular inequality we obtain:

‘g(al)Jrg(az) T(a+1) (Ihl+R). 6

(aamy —aymy)?
_ P Bed Ll VI
2 2(ar —ay)o T XU’— 2
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And using the well know Holder integral inequality and since |g”| is a exponentially
(m1,my) convex function we can write as

= [ €0~ marg +ma(1 - rasa
s/)&fau—éwwwmm@+mxl—@@ué

(')’ o e -erue
+g§2|g”(az)!q/01§(1—é)(l—é)"‘"dé];

or

1
1 2 1 q " q q
i< = [ gl male (el ] (17
U2 [(ag+1)(ag+2)(ag+3)e*a  (ag+2)(og+3)era
1
() i) i)
2 \(ag+2)(ag+3)) [(ag+1)erta ete
Similarly from |I;| we get the inequalities
1
1 1 " q 2 " q q
|12§< >q {M1|g (a1)] n m|g" (a2)| } ' (18)
V2 \(og+2) (g +3) era (ag+1)eta
Adding inequalities (17) and (18) we get
IL|+|h| <27 xH.
Put this value in (16) inequality we get final result. (]

Corollary 2.12. Under the condition of Theorem 2.11, if we choose A =0, then we ob-
tained inequality for the (my,my)—convex functions:

B 2
glaim) +g(amy) I'a+1) xul< (aamy —aymy) < H,
2 2(a2m2 —alml)"“ 2{@

19)
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where

U:ﬂ[‘]a

o
o e 8lama) +1%gamy )

a—1 o—1
- [J i 8(a@2m2) +Ja2m;g(alm1)} :

ap

1 1
2mg" (ar)|? we gl v e, 2malg’ (@)
H:yx{[aqﬂ—i—mﬂg (az)’ + ml‘g (al)‘ “FW s

= [(ag+2)(ag+3)]77.

Remark 2.13. In (19) if we choose m; = 1 and my = m, then we obtain inequality for the
m—convex functions was proved in [13]

g(a1) +g(aam) Fla+1) (aam—ar)* -1
— xU| < ———x%x27 xXH, 20
‘ 2 2(agm —ap)*! - 2 % (20)
where
_ (Ot—i—l) o o oa—1 a—1
U= o [0 lam) 1, glan)| = [ glaam) 1, (an)]
1 1
2|g" (a1)| we el ? e e, 2mlg’(a2)|]
qux{[ S0 g tan) |+ (g |+ 22D

= (g +2)(ag+3)] .

Remark 2.14. In (20) if we choose m = 1, then we obtained inequality for the convex
functions:

glar) +glaz) C(o+1) (ax—a))* =t
— Ul < 2 H 21
e e v < R e
where
_ (Ot—l—l) o o o—1 a—1
U= o [ aa) + 5 gla)] = [ slan) 15 el
1 1
z‘g//(al)r] " q a " q 2|g”(a2)‘q a
H= 28 AUL S8
“X{[ ag 1 +1g" (@) + |]g" ()| + aq i1

= [(og+2)(ag+3)] 7.

Corollary 2.15. Under the condition of Theorem 2.11, if we choose my = 1 ,my = m, then
we obtained for the exponentially m—convex functions:
glai) +g(aym) Ila+1)

— x U

(aam —ay)?
2 2(agm—ayp)%-! =

- 2

x27 xH,  (22)
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where
_(a+l) o, a i o
U= p— [Jarg(ale)—&-Jazm—g(m)} - [Ja;r g(aam) +Ja2m7g(a1)} ,
7 1
H=px 2|g”(a|)|q +m|g”(a2)|q g N |g”(a1)|q N Zm\g"(az)|q 3
(ag+1)era eha era (ag+ 1)t | [’

Q=

n=[(ag+2)(ag+3)] 7.

Remark 2.16. In (22) if we choose m = 1, then we obtained inequality for the exponen-
tially convex functions:

I(o+1 —a))? -
gla)tgla) TlatD o, (@—a)” o0 o 23)
2 2(a2—a1)0‘—1 2
where
_ (OC+1) o o o—1 oa—1
= ] - ]
I 1
2 " a q Z a q q " a q 2 " a q q
H=pux |g(1)|/1 +|g(/12)| n |g()L1)| n \8(2)|/l 7
(og+1)eta er® et (ag+1)eta

1= [(og+2)(aq+3)] 7.

Theorem 2.17. Let g: 1 = [0,a5] C R — R be twice differentiable function on I°. If
0<a <ay<a g €Llaim.aimy), g' positively defined and |g"|"is a exponentially
(my,mp)— convex function, with & € (0,1), A <0, then forall ¢ > 1, o > 1 the following

inequality holds

glam) tglam) __ TetD) o) (am—am)” o oy
2 2(azm2—alm1)a71 3
where
_ (a+1) o .
U e [y 8laam) 1, g(aim)|

- [Jz;lrg(azmz) +J:2:nlz,g(a1m1)} )
1
v=[(a+1)(a+2)]"!
1 1
2 " q " 977 I q ) ” a7z
R:a)x{[ mg" ()l | malg"(ar)] } N [mlg (a))[ | 2ma|g"(ar)| }/},

(a+1)era e era (a4 1)ere

o=[(a+2)(a+3)] 7.
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Proof. From Lemma 2.1 and from triangular inequality we obtained:
glai)+g(a)  T(a+1)
2 2(ap —ay )1

And using the well know power-mean integral inequality and since |g
(m1,my) convex function we can write as

_ (aamy — aymp)?

U
Y= 2

(Inl+IR)), @25

" is a exponentially

L=

/é )%g" (mya & +mp(1—€) azdé‘ (26)

< (/Olgu_g)adg) o L’f;\g”(al)\"/ EX(1-§)"d¢
Mz |g// |q/ E(1— o+ d&]

o [Pl @l mlg" @)1
(o +1)era el

Similarly, we can get for |B| :

1
)
Adding inequalities (26) and (27), we get
1|+ ] < v XxR.
Put this value in (25) inequality we get final result. U

Corollary 2.18. Under the conditions of Theorem 2.17, if we choose ay =2,m; =mp =1
and A = 0, then from (24) we obtain inequality for the convex functions:
gla)+gla) 1 ’

7(612 _ a]) X R,
2 ar) —daiy 24

glx)dx| <

where

1
R— [2g”(a1)l”+3|g”(az)lq } "L [38”(a1)|"+2g”(az)l"
5 5
This inequality for convex functions obtained in [15] (Proposition 6 ) and [13](Corollary
3.2).

Corollary 2.19. Under the condition of Theorem 2.17, if we choose and A = 0, then we
obtained inequality for the (my,my)—convex functions:
glam) +glam)  T(a+1)
2 2(a2m2—a1m1)“—1

(aamy —aymy )?

2

IN

XU‘ XVXR, (28)
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where

Uv=——""_
mpaz —apymi

_ [Jz:nlrg(azmz) +J:;;ll2,g(a1m1)] ,

1 1
2m,|g" (a1)|* g’ g, 2molg"(a2)|" ]9
R=wx {[OH_l—sz‘g"(azﬂ + [m1|g" (a1)] —|—T ,

(+1)
I e glazm) 2 g(anm)|

v=[(o+1)(a+2)]i " o=[(a+2)(a+3)] 7.

Corollary 2.20. Under the condition of Theorem 2.17, if we choose m; = 1,my = m, then
we obtained inequality for the exponentially m—convex functions:

gla1) +g(am) (a+1) (azm—ay)?
- U <——XxXVXR 29
’ 2 2(agm —ay %1 XY 2 XV XK, (29)
where
(a+1) . »
U= p— [Jfrg(azm) —I—ngm,g(al)} — [Jf?r g(aym) —|—J;;m,g(al)] ,
1 1
2 " a q m " a q q " a q 2m " a q q
Reox Ig(l)l\ N |g,1(2)| N |g&1>\ N \g(i)l ,
(a+1)era et et (a+1)etn

v=[(a+1)(a+2)]i " o=|(a+2)(a+3) 7.

Remark 2.21. In (29) if we choose m = 1, then we obtained inequality for the exponen-
tially convex functions:

glar) +g(a2) (a+1) (ay—ay)
’ 2 2ar—ar)e " Uls 77— xvxk (30)
where
_ (OC—|— 1) o o a—1 o—1
U= o [reata) + I glan)] = [ glan) + 15 sta)]

R=ox { [ (2'g”<“l>q ; 'g"‘“”'q] i [lg%al)q L 2" @) H

a+1)era et etai (o +1)etra
1_ _1
v=[a+)(a+2)] " o=[(a+2)(a+3) 7.
Remark 2.22. In (29) if we choose A = 0, then we obtained for the m—convex functions:

sla) telom)  Tat) [
2 2(agm —ay )1 -

(azm—al)2
2

XV XR, 31D
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where

oa+1 _ _
U= p— [ grg(azm)—FJ;‘zm,g(al)] — [JL‘;‘1+ lg(azm)—FJs‘zml,g(al)} ,
1 1
2|g" (a1 NTIE v v, 2mlg"(a2)|"9
R: 0] _— _—
x{{ Ll @)+ [+ 2]

o=[(a+2)(a+3)] 7,v=[(a+1)(a+2)]7 "

Remark 2.23. In (31) if we choose m = 1, then we obtained for the convex functions:

glar) +g(a) INa-+1) (ar —ay)?
— xUl<~—~—— XVXR 32
’ 2 2((12—01)0571 - 2 ’ (32)
where
_ (OH'I) a a a—1 a—1
U= o e slan) I glan)| = [78 glan) 15 glan)
1 1
2lg"@)l* | u el v e, 218" (@)|*]9
R = (0] _ = =7
x{{ pg| +|g"(@)|*| + ||g"(a)|*+ | ,

o= [(a+2)(a+3)]*$ v = [(a+1)(a+2)]$*1_

Theorem 2.24. Let g: I = [0,a5] C R — R be twice differentiable function on I°. If 0 <
ay <ay<as,g" €L[0,a5], g" positively defined and |g"|? is a exponentialy (my,my)—
convex function, whith my,my € (0,1], A <0, % + % =1, then for all a > 1 the following
inequality holds

T 1
glmai) +g(mpa) (¢+1) U (33)
2 2(m2a2—m1a1)0‘—1
1 1
< P (o Lo+ D) +ad (24 1) - Qmm )

modys — niaj |:
2-34
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where
(¢ +1)
U =ty U #0m202) 5 elma)]
a—1 a—1
B [Jmmfrg(mzaz) +Jm2u;g(m1a1)} ,

1
" q " N
O(my,my,A) = (ml 18" (a1)] +m2|g (a2)] )

262’01 eﬂ,az

1
my|g"(a)|?  malg”(a2)|"\ 4
+ 118" (a1)| + 218" (a2)| 7
e?Lal zelaz
ax(.,.) — Euler Beta function.

Proof. From Lemma 2.1 and the properties of the module we have:

‘g(m1a1)+g(m2a2) B Ia+1)
2

(maay —myay)?
2(7’)’12612 — mlal)“*]

AL (I + ). G4

IN

XU‘

Considering the fact that |g”|? is an exponentially (m;,m;)—convex function and from
Holder-Iscan inequalities Theorem 1.2 for the first integral we get:

1< [ 608 tmag + (1 - §max)| dg
S s —mian imlal {(/01 &r( 5)“P+1d§>;
X (/01(1 - &) [¢"(mari& +(1 f)mzazﬂqdé);
c([era-grae) ([ iomae —é)mzaz)f’dé);}

1
1 1 my|g" (a)|?  myl|g"(ax)|"\ 7
< {az”(p—i—l,ap—&—Z)( 118" (a1)] + 28(2)|>

(35)

~ mpap; —myag 6erai 3etax

3ela| 66102

1
1 my|g” (a)|?  ma|g"(a)|?\ 4
+a5(p+2,ap+1)( (g (an)l” 2g<2>|> }

45
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Similarly, for the second integral we get:

1< [ 60181 Oman (1~ &) + Emaae)| g 6o

1 1
c 4 (ptlapt2) (mlg"(a)!  malg"(a)|"\
- 3eta 6era

maaz —mjay

1 1
aj (p+2,ap+1) (m1 |g" (a1)|* ng/’(az)|q>"
+ )

6elal 3ela2

mpda; —mia

Adding inequalities (35) and (36) we get:

1

3 ¢q 1 1
L]+ b <—— {az” (p+lap+2)+al (p+2,(xp+1)] 37)
mody —nmiaj

281111 elaz

; l(mng%al)w . m2|g~(az)|q>;

i (mlglent , mif ) ;] |

erar et

Inequality (33) follows from (34) and (37). Thus, proof is completely done. U

Theorem 2.25. Let g: 1 = [0,a5] C R — R be twice differentiable function on I°. If
0<ai<ay<a; g' €L[0,a3], g’ positively defined and |g"|? is a exponentialy (my,my)—
convex function, with my,m; € (0,1], L <0, % —|—% =1, then for all o > 1 the following
inequality holds

g(miay) + g(mraz) Ila+1) U (38)

2 Z(mgaz—mlal)o‘—l

% [@((Lq) 'P(mlvm%}") —|—‘“P((X7CI) .R(mhmz’x)]’
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where
(a+1)
U=—ot) {J“ e }
mpas —miai myaf g(m2a2)+ zg(m1a1)
— {J;‘l’alrg(mzaz) —&—Jr‘:l‘;a;g(mlal)} ,
1 1
_(a+2 )= 24 a+1\4
“\a+4 Hlang T a4l \a+4)
1
Plmy . A) 2m; |g" (a mzlg )"
1, 27 - (a+4 lal
q 1
L [m 8" (a 4 2m |g" (a2)|"] @
el“l (a+4) elaz
1
R( _[3m L mlg(@)]
ml’mz’ - a_|_ 1 elm elaz
L [milg’(a )| | 3mals"(a
el“l (a+1) 31“2
Proof. From Lemma 2.1 and the properties of the module we have:
miay) + g(moay I'ae+1 maay —myap )>
stma) betmaca) D@D Z | < W@ ma)” i)y o)

2 2(m2a2—m1a1)0‘—1 - 2
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Considering the fact that |g”|? is an exponentially (m;,m;)—convex function and from

Improved Power mean inequalities Theorem 1.3 for the first integral we get:

! 1
B < [ 0= |g" (mag + (1= E)maa) 4 <

maaz —myaj

1
q

x { </01§(1§)a+1d§>1§ </01€(1§)a+1 |g"(m1‘11§+(1§)m2a2)|qd§)

c([ea-gra) ([ ea-er ’g"(mlmi+(1—5)m2a2)’qd5>:{}

1 1 " 2my |g" (ar)|?
szaz—mlal ((OH—Z)(OH—S)) ((a+2)(a+3)(a+4)e“l
ma g ()| >5
(a+3) (a+4) et

. ( 1 )15 ( 6mi |g" ()| e P
mayay —mia; \ (a+1)(a+2)(c+3) (a+1)(a+2) (o +3) (o +4)

1
2m2|g”(a2) |qefla2 q
)

(¢ +2)(a+3)(ax+4
Or
1 1
L < ! o2\ [2m [g (@) | malg"(ar)"] ¥ (40)
"=Tla+2)(a+3) ) \a+4 (0 +4)erai ha
1 1 1
L2 (ol 3M1|8”(611)|q+m2\g"(az)|q a
(a+1) \a+4 (a+1) et era '
Similarly, for the second integral we get:
_ 1 1
Ib| < (may —mar)”" [ (a+2\7 [m |g”(al)|q+2m2|g"(a2)|q ! (1)
2= (a+2) (0 +3) a+4 etai (o +4) era

1

q
20 <a+1)é [ml 8" (an)l” +3m2|g"(a2)|q]}

+
(c+1) \a+4 etai (o +1) era

Adding inequalities (39) and (41) and taking into account the accepted designations,
we get:
|+ b < ®(a,q) P(mi,my, A)+¥(a,q) - R(my,mp, A). 42)
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Inequality (38) follows from inequalities (39) and (42). Thus, proof is completely done.
d
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