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Abstract. In this paper, on the basis of the proved identities, we obtain generalized integral inequalities of
the Hermite-Hadamard type for exponentially (m1,m2)−convex functions in terms of the Riemann-Liouville
fractional integration operators. Some results existing in the literature are some special cases of our results.
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1. INTRODUCTION

The study of convex functions always offers and provide an amazing and excellent
glimpse of the beauty and fascination of advance mathematics. The mathematicians al-
ways put an ability and working in this direction as a result, find and investigate have a
large variety of results that have fruitful and remarkable applications. The study of convex
functions has attracted shouldint a big deal of attention not only from the mathematicians,
but also from people working various other fields such as economics, statistics, data min-
ing, physics and signal processing. The theory of convexity also played amazing role in
the development of theory of inequalities. In the last decades, many mathematician have
worked on inequalities in the area of mathematics especially mathematical analysis, mathe-
matical physics and functional analysis. No one can refuse its importance and significance
and with the upcoming times this field is going on to robustness and widespread. Inequali-
ties have many uses in probability and statistical problems. Due to paramount background,

∗Correspondence: bbayraktar@uludag.edu.tr
Received: 14.03.2021 Revised: 02.02.2021 Accepted: 28.12.2021 Published: 31.12.2021

31



32 B. Bayraktar, S. I. Butt, S. Shaokat

convex analysis and inequalities have become an absorbing field for the attention of math-
ematicians and readers, see [1–7] and references in them.
The following definitions are well known in the literature.

Definition 1. The function g : [a1,a2]→ R, is said to be convex, if we have

g(λx+(1−λ )y)≤ λg(x)+(1−λ )g(y)

for all x,y ∈ [a1,a2] and λ ∈ [0,1] .

Definition 2. Let g : I ⊆R→R be a convex function and let a1,a2 ∈ I, with a1 < a2. The
following double inequality;

g
(

a1 +a2

2

)
≤ 1

a2−a1

a2∫
a1

g(x)dx≤ g(a1)+g(a2)

2
. (1)

is known in the literature as Hadamard’s inequality. If g is concave then both inequalities
hold in the reversed direction.

Definition 3. ([8])For (m1,m2)∈ (0,1]2, a function g : [0,a2]→R is said to be ( m1,m2)−convex,
if

g(m1ξ x+m2(1−ξ )y)≤ m1ξ g(x)+m2(1−ξ )g(y)

for all x,y ∈ [0,a2] and ξ ∈ [0,1].

In [9], Awan et al. gave the following definition of exponentially convex function.

Definition 4. ([9]) A mapping g : I ⊆ R→ R is called exponentially convex, if

g(ξ a1 +(1−ξ )a2)≤ ξ
g(a1)

eλa1
+ (1−ξ )

g(a2)

eλa2
, (2)

for all a1,a2 ∈ I, ξ ∈ [0,1] and λ ∈ R. Equation (2) is reversed, then g is called exponen-
tially concave.

Now, we give the definition of a exponentially (m1,m2)−convex [10].

Definition 5. For (m1,m2) ∈ (0,1]2 and λ ∈ R, a function g : [0,a2]→ R, is said to be
exponentially (m1,m2)−convex, if

g(m1ξ x+m2(1−ξ )y)≤ m1ξ
g(x)
eλx +m2(1−ξ )

g(y)
eλy (3)

for all x,y ∈ [0,a2] and ξ ∈ [0,1].
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Remark 1.1. It follows from Definition 5 that:

1. if m1 = m2 = 1 and λ = 0 then g(x)

is an classical convex function on [0,a2];

2. if λ = 0, then g(x) is an (m1,m2)− convex function on [0,a2];

3. if λ = 0 and m1 = 1 and m = m2, then g(x)

is an m− convex function on [0,a2];

4. if m1 = m2 = 1, then g(x) is an exponentially convex function on [0,a2];

5. if m1 = 1 and m = m2 then g(x)

is an exponentially m− convex function on [0,a2]

The classical definition of a Riemann–Liouville fractional integral in the literature is
given in the following way

Definition 6. Let g ∈ L1 [a1,a2] . The Riemann Liouville integrals Jα

a+1
g and Jα

a−2
g of order

α > 0 with a1 ≥ 0 are defined by

Jα

a+1
g (x) =

1
Γ(α)

∫ x

a1

(x−ξ )α−1 g(ξ )dξ , x > a1

and

Jα
a2−g (x) =

1
Γ(α)

∫ a2

x
(ξ − x)α−1 g(ξ )dξ , x < a2

respectively where Γ(α) =
∞∫
0

e−uuα−1du. Here is J0
a+1

g(x) = J0
a−2

g(x) = g(x) . In the case

of α = 1 the fractional integral reduces to the classical integral.

The refinement of Hölder’s integral inequality is given as follows:

Theorem 1.2. (Hölder−Işcan Integral Inequality [11]) Let p > 1 and 1
p + 1

q = 1. If u and
g are real functions defined on [a1,a2] and if |u|p, |g|q are integrable functions on [a1,a2]
then∫ a2

a1

|u(ξ )g(ξ )|dξ ≤ 1
a2−a1

{(∫ a2

a1

(a2− v) |u(ξ )|p dx
) 1

p
(∫ a2

a1

(a2−ξ ) |g(ξ )|q dξ

) 1
q

+

(∫ a2

a1

(x−a1) |u(ξ )|p dξ

) 1
p
(∫ a2

a1

(ξ −a1) |g(ξ )|q dξ

) 1
q
}
.

An improved form of the power mean inequality (another form of the previous inequal-
ity), is given by the following theorem:
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Theorem 1.3. (Improved power-mean integral inequality [12]). Let q≥ 1. If u and g are
real functions defined on [a1,a2] and if |u|, |u||g|q are integrable functions on [a1,a2]
then∫ a2

a1

|u(ξ )g(ξ )|dξ ≤ 1
a2−a1

{(∫ a2

a1

(a2−ξ ) |u(ξ )|dξ

)1− 1
q

×
(∫ a2

a1

(a2−ξ ) |u(ξ )| |g(ξ )|q dξ

) 1
q

+

(∫ a2

a1

(ξ −a1) |u(ξ )|dξ

)1− 1
q
(∫ a2

a1

(ξ −a1) |u(ξ )| |g(ξ )|q dξ

) 1
q
}
.

The purpose of the article is to obtain generalized integral inequalities of the Hadamard
type for exponentially (m1,m2)−convex functions. These results are obtained using the
classical Hölder inequalities and the improved Hölder-Işcan inequality.

2. MAIN RESULTS

The Lemma stated below is a generalization of Lemma 3.1 from [13].

Lemma 2.1. Let g : I ⊂R→R be a twice differentiable mapping on I◦. If a1m1,a2m2 ∈ I,
with a1m1 6= a2m2 and g′′ ∈ L[m1a1,a2m2], then for all α > 1 the following equality holds

g(m1a1)+g(m2a2)

2
− Γ(α +1)

2(m2a2−a1m1)α−1 ×U =
(m2a2−a1m1)

2

2
(I1 + I2) , (4)

where

U =
(α +1)

m2a2−a1m1

[
Jα

a1m+
1

g(a2m2)+ Jα

a2m−2
g(a1m1)

]
−
[
Jα−1

a1m+
1

g(a2m2)+ Jα−1
a2m−2

g(a1m1)
]
,

I1 =

1∫
0

ξ (1−ξ )α g′′(a1m1ξ +(1−ξ )a2m2)dξ

and

I2 =

1∫
0

ξ (1−ξ )α g′′((1−ξ )a1m1 +ξ a2m2)dξ .
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Proof. To calculate the integrals first we make a transformation of variables 1−ξ = s, and
then twice integrating by parts we obtain:

I1 =
∫ 1

0
sα(1− s)g′′((1− s)a1m1 + sa2m2)ds =

g(a2m2)

(a2m2−a1m1)2

+
α(α−1)

(a2m2−a1m1)2

∫ 1

0
sα−2g((1− s)a1m1 + sa2m2)ds

− α(α +1)
(a2m2−a1m1)2

∫ 1

0
sα−1g((1− s)a1m1 + sa2m2)ds

If we make (1− s)a1m1 + sa2m2 = x the transformation in the both integrals obtained and
taking into account the property of the Gamma functions, we obtain:

I1 =
g(a2m2)

(a2m2−a1m1)2 +
Γ(α +1)

(a2m2−a1m1)α+1 Jα−1
a2m−2

g(a1m1)

− Γ(α +2)
(a2m2−a1m1)α+2 Jα

a2m−2
g(a1m1)

Similarly for I2, we have

I2 =
g(a1m1)

(a2m2−a1m1)2 +
Γ(α +1)

(a2m2−a1m1)α+1 Jα−1
a1m+

1
g(a2m2)

− Γ(α +2)
(a2m2−a1m1)α+2 Jα

a1m+
1

g(a2m2)

Summing these equalities and then grouping the summands we get

I1 + I2 =
1

(a2m2−a1m1)2 [g(a1m1)+g(a2m2)]−
Γ(α +1)

(a2m2−a1m1)α+1 ×U (5)

Finally multiplying both side of the equality (5) by the expression (a2m2−a1m1)
2

2 we obtain
(4). Hence, proof is completely done �

Remark 2.2. If we take m1 = m2 = 1, then from Lemma 2.1 we obtain the equality known
in [13] (see Lemma 3.1).

Theorem 2.3. Let g : I = [0,a∗2]⊂R→R be twice differentiable function on I◦. If a1,a2 ∈
I , g′′ ∈L[0,a∗2], g′′ positively defined and |g′′| is a exponentialy (m1,m2)− convex function,
whith m1,m2 ∈ (0,1], λ ≤ 0, then for all α > 1 the following inequality holds∣∣∣∣g(m1a1)+g(m2a2)

2
− Γ(α +1)

2(m2a2−m1a1)α−1 ×U
∣∣∣∣ (6)

≤ (m2a2−m1a1)
2

2(α +1)(α +2)

[
m1 |g′′(a1)|

eλa1
+

m2 |g′′(a2)|
eλa2

]
,
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where

U =
(α +1)

m2a2−m1a1

[
Jα

m1a+1
g(m2a2)+ Jα

m2a−2
g(m1a1)

]
−
[
Jα−1

m1a+1
g(m2a2)+ Jα−1

m2a−2
g(m1a1)

]
,

Proof. From Lemma 2.1 and the properties of the module we have:

∣∣∣∣g(m1a1)+g(m2a2)

2
− Γ(α +1)

2(m2a2−m1a1)α−1 ×U
∣∣∣∣ (7)

≤ (m2a2−m1a1)
2

2
(|I1|+ |I2|) .

Considering the fact that g′′ is an exponentially (m1,m2)−convex function, for the first
integral we get:

|I1| ≤
∫ 1

0
ξ (1−ξ )α

∣∣g′′(m1a1ξ +(1−ξ )m2a2)
∣∣dξ (8)

≤ m1 |g′′(a1)|
eλa1

∫ 1

0
ξ

2(1−ξ )α dξ +
m2 |g′′(a2)|

eλa2

∫ 1

0
ξ (1−ξ )α+1dξ

=
2m1 |g′′(a1)|

(α +1)(α +2)(α +3)eλa1
+

m2 |g′′(a2)|
(α +2)(α +3)eλa2

.

Similarly, for the second integral we get:

|I2| ≤
m1 |g′′(a1)|

(α +2)(α +3)eλa1
+

2m2 |g′′(a2)|
(α +1)(α +2)(α +3)eλa2

. (9)

Adding inequalities (8) and (9) we get:

|I1|+ |I2| ≤
1

(α +1)(α +2)

[
m1 |g′′(a1)|

eλa1
+

m2 |g′′(a2)|
eλa2

]
. (10)

Inequality (6) follows from (7) and (10). The proof is completed. �

Corollary 2.4. Under the conditions of Theorem 2.3, if we choose α = 2, then from (6)
we obtain inequality for the exponentially (m1,m2)− convex functions:∣∣∣∣g(a1m1)+g(a2m2)

2
− 1

m2a2−m1a1

∫ a2m2

a1m1

g(x)dx
∣∣∣∣ (11)

≤ (a2m2−a1m1)
2

24

[
m1 |g′′(a1)|

eλa1
+

m2 |g′′(a2)|
eλa2

]
.
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Corollary 2.5. Under the conditions of Theorem 2.3, if we choose m1 =m2 = 1 and λ = 0,
then from (6) we obtain the inequality for convex functıons:∣∣∣∣g(a1)+g(a2)

2
− Γ(α +1)

2(a2−a1)α−1 ×U
∣∣∣∣≤ (a2−a1)

2

2(α +1)(α +2)
[
|g′′(a1)||+g′′(a2)|

]
, (12)

where

U =
(α +1)
a2−a1

[
Jα

a+1
g(a2)+ Jα

a−2
g(a1)

]
−
[
Jα−1

a+1
g(a2)+ Jα−1

a−2
g(a1)

]
,

Remark 2.6. In (12) if we choose α = 2, then we obtain inequality for the convex func-
tions: ∣∣∣∣g(a1)+g(a2)

2
− 1

a2−a1

∫ a2

a1

g(x)dx
∣∣∣∣≤ (a2−a1)

2

24
[∣∣g′′(a1)

∣∣+ ∣∣g′′(a2)
∣∣] .

This inequality for convex functions obtained in [15](Proposition 2 ) and [13] (Corollary
3.1).

Corollary 2.7. Under the conditions of Theorem 2.3, if we choose λ = 0, then from (6) we
obtain the inequality for (m1,m2)−convex functions:∣∣∣∣g(m1a1)+g(m2a2)

2
− Γ(α +1)

2(m2a2−m1a1)α−1 ×U
∣∣∣∣ (13)

≤ (m2a2−m1a1)
2

2(α +1)(α +2)
[
m1
∣∣g′′(a1)

∣∣+m2
∣∣g′′(a2)

∣∣] ,
where

U =
(α +1)

m2a2−m1a1

[
Jα

m1a+1
g(m2a2)+ Jα

m2a−2
g(m1a1)

]
−
[
Jα−1

m1a+1
g(m2a2)+ Jα−1

m2a−2
g(m1a1)

]
.

Remark 2.8. In (13) if we choose m1 = 1, m2 = m, then we obtain inequality for the
m−convex functions: ∣∣∣∣g(a1)+g(ma2)

2
− Γ(α +1)

2(ma2−a1)α−1 ×U
∣∣∣∣

≤ (ma2−a1)
2

2(α +1)(α +2)
[∣∣g′′(a1)

∣∣+m
∣∣g′′(a2)

∣∣] ,
where

U =
(α +1)

ma2−a1

[
Jα

a+1
g(a2)+ Jα

a−2
g(a1)

]
−
[
Jα−1

a+1
g(ma2)+ Jα−1

ma−2
g(a1)

]
,
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Corollary 2.9. Under the conditions of Theorem 2.3, if we choose m1 = 1, m2 = m, then
from (6) we obtain inequality for the exponentially m−convex functions::∣∣∣∣g(a1)+g(ma2)

2
− Γ(α +1)

2(ma2−a1)α−1 ×U
∣∣∣∣ ≤ (ma2−a1)

2

2(α +1)(α +2)
(14)

×
[
|g′′(a1)|

eλa1
+

m |g′′(a2)|
eλa2

]
,

where

U =
(α +1)

ma2−a1

[
Jα

a+1
g(ma2)+ Jα

ma−2
g(a1)

]
−
[
Jα−1

a+1
g(ma2)+ Jα−1

ma−2
g(a1)

]
.

Remark 2.10. In (14) if we choose a1 = 2,m = 1, then we obtain the exponential type
inequality. Some Exponential type inequality for first order derivative was obtained by
Naila and Anwar (see in [14] Corollary (3.4):∣∣∣∣g(a1)+g(a2)

2
− 1

a2−a1
g(x)dx

∣∣∣∣≤ (a2−a1)
2

24

[
|g′′(a1)|

eλa1
+
|g′′(a2)|

eλa2

]
.

Theorem 2.11. Let g : I = [0,a∗2] ⊂ R → R be twice differentiable function on I◦. If
0 ≤ a1 < a2 < a∗2, g′′ ∈ L[a1m1.a1m2], g′′ positively defined and |g′′|q is a exponentially
(m1,m2)− convex function, with ξ ∈ (0,1), λ ≤ 0, then for all α,q > 1 the following
inequality holds∣∣∣∣g(a1m1)+g(a2m2)

2
− Γ(α +1)

2(a2m2−a1m1)α−1 ×U
∣∣∣∣≤ (a2m2−a1m1)

2

2
×2

−1
p ×H, (15)

where

U =
(α +1)

m2a2−a1m1

[
Jα

a1m+
1

g(a2m2)+ Jα

a2m−2
g(a1m1)

]
−
[
Jα−1

a1m+
1

g(a2m2)+ Jα−1
a2m−2

g(a1m1)
]
,

H = µ×

{[
2m1|g′′(a1)|q

(αq+1)eλa1
+

m2|g′′(a2)|q

eλa2

] 1
q

+

[
m1|g′′(a1)|q

eλa1
+

2m2|g′′(a2)|q

(αq+1)eλa2

] 1
q
}
,

µ = [(αq+2)(αq+3)]−
1
q .

Proof. From Lemma 2.1 and from triangular inequality we obtain:∣∣∣∣g(a1)+g(a2)

2
− Γ(α +1)

2(a2−a1)α−1 ×U
∣∣∣∣≤ (a2m2−a1m1)

2

2
(|I1|+ |I2|). (16)
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And using the well know Hölder integral inequality and since |g′′|q is a exponentially
(m1,m2) convex function we can write as

|I1|=
∣∣∣∣∫ 1

0
ξ (1−ξ )α g′′(m1a1ξ +m2(1−ξ )a2dξ

∣∣∣∣
≤
∫ 1

0
ξ

1
p ξ

1
q (1−ξ )α |g′′(m1a1ξ +m2(1−ξ )a2|dξ

≤
(∫ 1

0
ξ

1
p

p

dξ

) 1
p
[

m1

eλa1

∣∣g′′(a1)
∣∣q∫ 1

0
ξ

2(1−ξ )αqdξ

+
m2

eλa2

∣∣g′′(a2)
∣∣q∫ 1

0
ξ (1−ξ )(1−ξ )αqdξ

] 1
q

or

|I1| ≤
1
p
√

2

[
2m1 |g′′(a1)|q

(αq+1)(αq+2)(αq+3)eλa1
+

m2|g′′(a2)|q

(αq+2)(αq+3)eλa2

] 1
q

(17)

=
1
p
√

2

(
1

(αq+2)(αq+3)

) 1
q
[

2m1|g′′(a1)|q

(αq+1)eλa1
+

m2|g′′(a2)|q

eλa2

] 1
q

.

Similarly from |I2| we get the inequalities

|I2| ≤
1
p
√

2

(
1

(αq+2)(αq+3)

) 1
q
[

m1|g′′(a1)|q

eλa1
+

2m2|g′′(a2)|q

(αq+1)eλa2

] 1
q

. (18)

Adding inequalities (17) and (18) we get

|I1|+ |I2| ≤ 2
−1
p ×H.

Put this value in (16) inequality we get final result. �

Corollary 2.12. Under the condition of Theorem 2.11, if we choose λ = 0, then we ob-
tained inequality for the (m1,m2)−convex functions:

∣∣∣∣g(a1m1)+g(a2m2)

2
− Γ(α +1)

2(a2m2−a1m1)α−1 ×U
∣∣∣∣≤ (a2m2−a1m1)

2

2 p
√

2
×H, (19)
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where

U =
(α +1)

m2a2−a1m1

[
Jα

a1m+
1

g(a2m2)+ Jα

a2m−2
g(a1m1)

]
−
[
Jα−1

a1m+
1

g(a2m2)+ Jα−1
a2m−2

g(a1m1)
]
,

H = µ×

{[
2m1|g′′(a1)|q

αq+1
+m2

∣∣g′′(a2)
∣∣q] 1

q

+

[
m1
∣∣g′′(a1)

∣∣q + 2m2|g′′(a2)|q

αq+1

] 1
q
}
,

µ = [(αq+2)(αq+3)]−
1
q .

Remark 2.13. In (19) if we choose m1 = 1 and m2 = m, then we obtain inequality for the
m−convex functions was proved in [13]∣∣∣∣g(a1)+g(a2m)

2
− Γ(α +1)

2(a2m−a1)α−1 ×U
∣∣∣∣≤ (a2m−a1)

2

2
×2

−1
p ×H, (20)

where

U =
(α +1)

ma2−a1

[
Jα

a+1
g(a2m)+ Jα

a2m−g(a1)
]
−
[
Jα−1

a+1
g(a2m)+ Jα−1

a2m−g(a1)
]
,

H = µ×

{[
2|g′′(a1)|q

αq+1
+m
∣∣g′′(a2)

∣∣q] 1
q

+

[∣∣g′′(a1)
∣∣q + 2m|g′′(a2)|q

αq+1

] 1
q
}
,

µ = [(αq+2)(αq+3)]−
1
q .

Remark 2.14. In (20) if we choose m = 1, then we obtained inequality for the convex
functions: ∣∣∣∣g(a1)+g(a2)

2
− Γ(α +1)

2(a2−a1)α−1 ×U
∣∣∣∣≤ (a2−a1)

2

2
×2

−1
p ×H, (21)

where

U =
(α +1)
a2−a1

[
Jα

a+1
g(a2)+ Jα

a−2
g(a1)

]
−
[
Jα−1

a+1
g(a2)+ Jα−1

a−2
g(a1)

]
,

H = µ×

{[
2|g′′(a1)|q

αq+1
+
∣∣g′′(a1)

∣∣q] 1
q

+

[∣∣g′′(a1)
∣∣q + 2|g′′(a2)|q

αq+1

] 1
q
}
,

µ = [(αq+2)(αq+3)]−
1
q .

Corollary 2.15. Under the condition of Theorem 2.11, if we choose m1 = 1 ,m2 = m, then
we obtained for the exponentially m−convex functions:∣∣∣∣g(a1)+g(a2m)

2
− Γ(α +1)

2(a2m−a1)α−1 ×U
∣∣∣∣≤ (a2m−a1)

2

2
×2

−1
p ×H, (22)
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where

U =
(α +1)

a2m−a1

[
Jα

a+1
g(a2m)+ Jα

a2m−g(a1)
]
−
[
Jα−1

a+1
g(a2m)+ Jα−1

a2m−g(a1)
]
,

H = µ×

{[
2|g′′(a1)|q

(αq+1)eλa1
+

m|g′′(a2)|q

eλa2

] 1
q

+

[
|g′′(a1)|q

eλa1
+

2m|g′′(a2)|q

(αq+1)eλa2

] 1
q
}
,

µ = [(αq+2)(αq+3)]−
1
q .

Remark 2.16. In (22) if we choose m = 1, then we obtained inequality for the exponen-
tially convex functions:∣∣∣∣g(a1)+g(a2)

2
− Γ(α +1)

2(a2−a1)α−1 ×U
∣∣∣∣≤ (a2−a1)

2

2
×2

−1
p ×H, (23)

where

U =
(α +1)
a2−a1

[
Jα

a+1
g(a2)+ Jα

a−2
g(a1)

]
−
[
Jα−1

a+1
g(a2)+ Jα−1

a−2
g(a1)

]
,

H = µ×

{[
2|g′′(a1)|q

(αq+1)eλa1
+
|g′′(a2)|q

eλa2

] 1
q

+

[
|g′′(a1)|q

eλa1
+

2|g′′(a2)|q

(αq+1)eλa2

] 1
q
}
,

µ = [(αq+2)(αq+3)]−
1
q .

Theorem 2.17. Let g : I = [0,a∗2] ⊂ R → R be twice differentiable function on I◦. If
0 ≤ a1 < a2 < a∗2, g′′ ∈ L[a1m1.a1m2], g′′ positively defined and |g′′|qis a exponentially
(m1,m2)− convex function, with ξ ∈ (0,1), λ ≤ 0, then for all q≥ 1, α > 1 the following
inequality holds∣∣∣∣g(a1m1)+g(a2m2)

2
− Γ(α +1)

2(a2m2−a1m1)α−1 ×U
∣∣∣∣≤ (a2m2−a1m1)

2

2
×ν×R, (24)

where

U =
(α +1)

m2a2−a1m1

[
Jα

a1m+
1

g(a2m2)+ Jα

a2m−2
g(a1m1)

]
−
[
Jα−1

a1m+
1

g(a2m2)+ Jα−1
a2m−2

g(a1m1)
]
,

ν = [(α +1)(α +2)]
1
q−1

R =ω×

{[
2m1|g′′(a1)|q

(α +1)eλa1
+

m2|g′′(a2)|q

eλa2

] 1
q

+

[
m1|g′′(a1)|q

eλa1
+

2m2|g′′(a2)|q

(α +1)eλa2

] 1
q
}
,

ω = [(α +2)(α +3)]−
1
q .



42 B. Bayraktar, S. I. Butt, S. Shaokat

Proof. From Lemma 2.1 and from triangular inequality we obtained:∣∣∣∣g(a1)+g(a2)

2
− Γ(α +1)

2(a2−a1)α−1 ×U
∣∣∣∣≤ (a2m2−a1m1)

2

2
(|I1|+ |I2|), (25)

And using the well know power-mean integral inequality and since |g′′|q is a exponentially
(m1,m2) convex function we can write as

|I1|=
∣∣∣∣∫ 1

0
ξ (1−ξ )α g′′(m1a1ξ +m2(1−ξ )a2dξ

∣∣∣∣ (26)

≤
(∫ 1

0
ξ (1−ξ )α dξ

)1− 1
q
[

m1

eλa1

∣∣g′′(a1)
∣∣q∫ 1

0
ξ

2(1−ξ )α dξ

+
m2

eλa2

∣∣g′′(a2)
∣∣q∫ 1

0
ξ (1−ξ

α+1)dξ

] 1
q

= ν×ω

[
2m1|g′′(a1)|q

(α +1)eλa1
+

m2|g′′(a2)|q

eλa2

] 1
q

,

Similarly, we can get for |I2| :

|I2| ≤ ν×ω

[
m1|g′′(a1)|q

eλa1
+

2m2|g′′(a2)|q

(α +1)eλa2

] 1
q

. (27)

Adding inequalities (26) and (27), we get

|I1|+ |I2| ≤ ν×R.

Put this value in (25) inequality we get final result. �

Corollary 2.18. Under the conditions of Theorem 2.17, if we choose a1 = 2,m1 = m2 = 1
and λ = 0, then from (24) we obtain inequality for the convex functions:∣∣∣∣g(a1)+g(a2)

2
− 1

a2−a1
g(x)dx

∣∣∣∣≤ (a2−a1)
2

24
×R,

where

R =

[
2|g′′(a1)|q+3|g′′(a2)|q

5

] 1
q

+

[
3|g′′(a1)|q+2|g′′(a2)|q

5

] 1
q

.

This inequality for convex functions obtained in [15] (Proposition 6 ) and [13](Corollary
3.2).

Corollary 2.19. Under the condition of Theorem 2.17, if we choose and λ = 0, then we
obtained inequality for the (m1,m2)−convex functions:∣∣∣∣g(a1m1)+g(a2m2)

2
− Γ(α +1)

2(a2m2−a1m1)α−1 ×U
∣∣∣∣≤ (a2m2−a1m1)

2

2
×ν×R, (28)
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where

U =
(α +1)

m2a2−a1m1

[
Jα

a1m+
1

g(a2m2)+ Jα

a2m−2
g(a1m1)

]
−
[
Jα−1

a1m+
1

g(a2m2)+ Jα−1
a2m−2

g(a1m1)
]
,

R = ω×

{[
2m1|g′′(a1)|q

α +1
+m2

∣∣g′′(a2)
∣∣q] 1

q

+

[
m1
∣∣g′′(a1)

∣∣q + 2m2|g′′(a2)|q

α +1

] 1
q
}
,

ν =[(α +1)(α +2)]
1
q−1 ,ω = [(α +2)(α +3)]−

1
q .

Corollary 2.20. Under the condition of Theorem 2.17, if we choose m1 = 1,m2 = m, then
we obtained inequality for the exponentially m−convex functions:∣∣∣∣g(a1)+g(a2m)

2
− Γ(α +1)

2(a2m−a1)α−1 ×U
∣∣∣∣≤ (a2m−a1)

2

2
×ν×R, (29)

where

U =
(α +1)

a2m−a1

[
Jα

a+1
g(a2m)+ Jα

a2m−g(a1)
]
−
[
Jα−1

a+1
g(a2m)+ Jα−1

a2m−g(a1)
]
,

R = ω×

{[
2|g′′(a1)|q

(α +1)eλa1
+

m|g′′(a2)|q

eλa2

] 1
q

+

[
|g′′(a1)|q

eλa1
+

2m|g′′(a2)|q

(α +1)eλa2

] 1
q
}
,

ν = [(α +1)(α +2)]
1
q−1 ,ω = [(α +2)(α +3)]−

1
q .

Remark 2.21. In (29) if we choose m = 1, then we obtained inequality for the exponen-
tially convex functions:∣∣∣∣g(a1)+g(a2)

2
− Γ(α +1)

2(a2−a1)α−1 ×U
∣∣∣∣≤ (a2−a1)

2

2
×ν×R, (30)

where

U =
(α +1)
a2−a1

[
Jα

a+1
g(a2)+ Jα

a−2
g(a1)

]
−
[
Jα−1

a+1
g(a2)+ Jα−1

a−2
g(a1)

]
,

R = ω×

{[
2|g′′(a1)|q

(α +1)eλa1
+
|g′′(a2)|q

eλa2

] 1
q

+

[
|g′′(a1)|q

eλa1
+

2|g′′(a2)|q

(α +1)eλa2

] 1
q
}
,

ν = [(α +1)(α +2)]
1
q−1 ,ω = [(α +2)(α +3)]−

1
q .

Remark 2.22. In (29) if we choose λ = 0, then we obtained for the m−convex functions:∣∣∣∣g(a1)+g(a2m)

2
− Γ(α +1)

2(a2m−a1)α−1 ×U
∣∣∣∣≤ (a2m−a1)

2

2
×ν×R, (31)
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where

U =
α +1

ma2−a1

[
Jα

a+1
g(a2m)+ Jα

a2m−g(a1)
]
−
[
Jα−1

a+1
g(a2m)+ Jα−1

a2m−g(a1)
]
,

R = ω×

{[
2|g′′(a1)|q

α +1
+m
∣∣g′′(a2)

∣∣q] 1
q

+

[∣∣g′′(a1)
∣∣q + 2m|g′′(a2)|q

α +1

] 1
q
}
,

ω = [(α +2)(α +3)]−
1
q ,ν = [(α +1)(α +2)]

1
q−1 .

Remark 2.23. In (31) if we choose m = 1, then we obtained for the convex functions:

∣∣∣∣g(a1)+g(a2)

2
− Γ(α +1)

2(a2−a1)α−1 ×U
∣∣∣∣≤ (a2−a1)

2

2
×ν×R, (32)

where

U =
(α +1)
a2−a1

[
Jα

a11+g(a2)+ Jα

a−2
g(a1)

]
−
[
Jα−1

a+1
g(a2)+ Jα−1

a−2
g(a1)

]
,

R = ω×

{[
2|g′′(a1)|q

α +1
+
∣∣g′′(a2)

∣∣q] 1
q

+

[∣∣g′′(a1)
∣∣q + 2|g′′(a2)|q

α +1

] 1
q
}
,

ω = [(α +2)(α +3)]−
1
q ,ν = [(α +1)(α +2)]

1
q−1 .

Theorem 2.24. Let g : I = [0,a∗2]⊂ R→ R be twice differentiable function on I◦. If 0≤
a1 < a2 < a∗2 , g′′ ∈ L[0,a∗2] , g′′ positively defined and |g′′|q is a exponentialy (m1,m2)−
convex function, whith m1,m2 ∈ (0,1], λ ≤ 0, 1

p +
1
q = 1, then for all α > 1 the following

inequality holds

∣∣∣∣g(m1a1)+g(m2a2)

2
− Γ(α +1)

2(m2a2−m1a1)α−1 ×U
∣∣∣∣ (33)

≤ m2a2−m1a1

2 ·3
1
q

[
a

1
p
2 (p+1,α p+2)+a

1
p
2 (p+2,α p+1)

]
·Q(m1,m2,λ ),
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where

U =
(α +1)

m2a2−m1a1

[
Jα

m1a+1
g(m2a2)+ Jα

m2a−2
g(m1a1)

]
−
[
Jα−1

m1a+1
g(m2a2)+ Jα−1

m2a−2
g(m1a1)

]
,

Q(m1,m2,λ ) =

(
m1 |g′′(a1)|q

2eλa1
+

m2 |g′′(a2)|q

eλa2

) 1
q

+

(
m1 |g′′(a1)|q

eλa1
+

m2 |g′′(a2)|q

2eλa2

) 1
q

,

a2(., .)− Euler Beta function.

Proof. From Lemma 2.1 and the properties of the module we have:

∣∣∣∣g(m1a1)+g(m2a2)

2
− Γ(α +1)

2(m2a2−m1a1)α−1 ×U
∣∣∣∣≤ (m2a2−m1a1)

2

2
(|I1|+ |I2|) . (34)

Considering the fact that |g′′|q is an exponentially (m1,m2)−convex function and from
Hölder-Işcan inequalities Theorem 1.2 for the first integral we get:

|I1| ≤
∫ 1

0
ξ (1−ξ )α

∣∣g′′(m1a1ξ +(1−ξ )m2a2)
∣∣dξ (35)

≤ 1
m2a2−m1a1

{(∫ 1

0
ξ

p(1−ξ )α p+1dξ

) 1
p

×
(∫ 1

0
(1−ξ )

∣∣g′′(m1a1ξ +(1−ξ )m2a2)
∣∣q dξ

) 1
q

+

(∫ 1

0
ξ

p+1(1−ξ )α pdξ

) 1
p
(∫ 1

0
ξ
∣∣g′′(m1a1ξ +(1−ξ )m2a2)

∣∣q dξ

) 1
q
}

≤ 1
m2a2−m1a1

{
a

1
p
2 (p+1,α p+2)

(
m1 |g′′(a1)|q

6eλa1
+

m2 |g′′(a2)|q

3eλa2

) 1
q

+a
1
p
2 (p+2,α p+1)

(
m1 |g′′(a1)|q

3eλa1
+

m2 |g′′(a2)|q

6eλa2

) 1
q
}
.
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Similarly, for the second integral we get:

|I2| ≤
∫ 1

0
ξ (1−ξ )α

∣∣g′′(m1a1 (1−ξ )+ξ m2a2)
∣∣dξ (36)

≤
a

1
p
2 (p+1,α p+2)

m2a2−m1a1

(
m1 |g′′(a1)|q

3eλa1
+

m2 |g′′(a2)|q

6eλa2

) 1
q

+
a

1
p
2 (p+2,α p+1)

m2a2−m1a1

(
m1 |g′′(a1)|q

6eλa1
+

m2 |g′′(a2)|q

3eλa2

) 1
q

.

Adding inequalities (35) and (36) we get:

|I1|+ |I2| ≤
3−

1
q

m2a2−m1a1

[
a

1
p
2 (p+1,α p+2)+a

1
p
2 (p+2,α p+1)

]
(37)

×

[(
m1|g′′(a1)|q

2eλa1
+

m2|g′′(a2)|q

eλa2

) 1
q

+

(
m1 |g′′(a1)|q

eλa1
+

m2 |g′′(a2)|q

2eλa2

) 1
q
]
.

Inequality (33) follows from (34) and (37). Thus, proof is completely done. �

Theorem 2.25. Let g : I = [0,a∗2] ⊂ R → R be twice differentiable function on I◦. If
0≤ a1 < a2 < a∗2, g′′ ∈ L[0,a∗2] , g′′ positively defined and |g′′|q is a exponentialy (m1,m2)−
convex function, with m1,m2 ∈ (0,1], λ ≤ 0, 1

p +
1
q = 1, then for all α > 1 the following

inequality holds

∣∣∣∣g(m1a1)+g(m2a2)

2
− Γ(α +1)

2(m2a2−m1a1)α−1 ×U
∣∣∣∣ (38)

≤ m2a2−m1a1

2(α +2)(α +3)
[Φ(α,q) ·P(m1,m2,λ )+Ψ(α,q) ·R(m1,m2,λ )] ,
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where

U =
(α +1)

m2a2−m1a1

[
Jα

m1a+1
g(m2a2)+ Jα

m2a−2
g(m1a1)

]
−
[
Jα−1

m1a+1
g(m2a2)+ Jα−1

m2a−2
g(m1a1)

]
,

Φ(α,q) =
(

α +2
α +4

) 1
q

,Ψ(α,q) =
2

1
q

α +1

(
α +1
α +4

) 1
q

,

P(m1,m2,λ ) =

[
2m1 |g′′(a1)|q

(α +4)eλa1
+

m2 |g′′(a2)|q

eλa2

] 1
q

+

[
m1 |g′′(a1)|q

eλa1
+

2m2 |g′′(a2)|q

(α +4) eλa2

] 1
q

,

R(m1,m2,λ ) =

[
3m1 |g′′(a1)|q

(α +1) eλa1
+

m2 |g′′(a2)|q

eλa2

] 1
q

+

[
m1 |g′′(a1)|q

eλa1
+

3m2 |g′′(a2)|q

(α +1)eλa2

] 1
q

.

Proof. From Lemma 2.1 and the properties of the module we have:

∣∣∣∣g(m1a1)+g(m2a2)

2
− Γ(α +1)

2(m2a2−m1a1)α−1 ×U
∣∣∣∣≤ (m2a2−m1a1)

2

2
(|I1|+ |I2|) . (39)
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Considering the fact that |g′′|q is an exponentially (m1,m2)−convex function and from
Improved Power mean inequalities Theorem 1.3 for the first integral we get:

|I1| ≤
∫ 1

0
ξ (1−ξ )α

∣∣g′′(m1a1ξ +(1−ξ )m2a2)
∣∣dξ ≤ 1

m2a2−m1a1

×

{(∫ 1

0
ξ (1−ξ )α+1dξ

)1− 1
q
(∫ 1

0
ξ (1−ξ )α+1 ∣∣g′′(m1a1ξ +(1−ξ )m2a2)

∣∣q dξ

) 1
q

+

(∫ 1

0
ξ

2(1−ξ )α dξ

)1− 1
q
(∫ 1

0
ξ

2(1−ξ )α
∣∣g′′(m1a1ξ +(1−ξ )m2a2)

∣∣q dξ

) 1
q
}

≤ 1
m2a2−m1a1

(
1

(α +2)(α +3)

)1− 1
q
(

2m1 |g′′(a1)|q

(α +2)(α +3)(α +4)eλa1

+
m2 |g′′(a2)|q

(α +3)(α +4)eλa2

) 1
q

+
1

m2a2−m1a1

(
1

(α +1)(α +2)(α +3)

)1− 1
q
(

6m1 |g′′(a1)|q e−λa1

(α +1)(α +2)(α +3)(α +4)

+
2m2|g′′(a2)|qe−λa2

(α +2)(α +3)(α +4)

) 1
q

.

Or

|I1| ≤
1

(α +2)(α +3)

{(
α +2
α +4

) 1
q
[

2m1 |g′′(a1)|q

(α +4)eλa1
+

m2 |g′′(a2)|q

eλa2

] 1
q

(40)

+
2

1
q

(α +1)

(
α +1
α +4

) 1
q
[

3m1 |g′′(a1)|q

(α +1) eλa1
+

m2 |g′′(a2)|q

eλa2

] 1
q
}
.

Similarly, for the second integral we get:

|I2| ≤
(m2a2−m1a1)

−1

(α +2)(α +3)

{(
α +2
α +4

) 1
q
[

m1 |g′′(a1)|q

eλa1
+

2m2 |g′′(a2)|q

(α +4) eλa2

] 1
q

(41)

+
2

1
q

(α +1)

(
α +1
α +4

) 1
q
[

m1 |g′′(a1)|q

eλa1
+

3m2 |g′′(a2)|q

(α +1) eλa2

]} 1
q

.

Adding inequalities (39) and (41) and taking into account the accepted designations,
we get:

|I1|+ |I2| ≤ Φ(α,q) ·P(m1,m2,λ )+Ψ(α,q) ·R(m1,m2,λ ). (42)
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Inequality (38) follows from inequalities (39) and (42). Thus, proof is completely done.
�
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[7] Özdemir, M. E. Butt, S. I. Bayraktar B., Nasir, J. (2020). Several integral inequal-
ities for (α,s,m)−convex functions, AIMS Mathematics, 5(4), 3906–3921. DOI:
10.3934/math.2020253.

[8] Kadakal, H. (2019). (α,m1,m2)− convexity and some inequalities of Hermite-
Hadamard type, Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat. 68 (2), 2128-2142,
DOI: 10.31801/cfsuasmas.511184



50 B. Bayraktar, S. I. Butt, S. Shaokat

[9] Awan, M. U., Noor, M. A., Noor, K. I. (2018) Hermite–Hadamard inequalities for
exponentially convex functions. Appl. Math. Inf. Sci. 12(2), 405–409 .

[10] Butt, S. I., Bayraktar, B., Nasir, J. (2021). Some Generalized Ostrowski type inequal-
ities via exponentially (m1,m2)−convex functions with related applications (Sabmit-
ted).
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