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TOPOLOGIES GENERATED BY RAW BINARY STRUCTURES
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Abstract. We define three topologies induced by a raw binary operation which is weaker than the concept of
binary operation. In addition, we examine some effects of a raw binary operation on the characteristics of each
induced topology.
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1. INTRODUCTION

Let’s start with some basic definition [4-6]. Let X ## 0. We denote X x X by X 2 and
also a graph of a binary relation F by I' (F). A (partial) binary operation (or simply binop)
on X is a (partial) map from X2 to X. A group-like structure consists of a nonempty set X, a
(partial) binop f on X, and a finite number of specific axioms such as totality (closureness),
associativity, identity, invertibility, and commutativity that f must satisfy (see [1-3, 7, 10]
for more information). Some group-like structures such as semigroupoids, small categories
and groupoids have partial binop that is weaker than binop.

We now give a weaker definition than partial binop. A raw binop on X, denoted by
F:X?+<X,isa binary relation F over sets X 2 and X. From now on, we will always
use symbols such as %, o, + or - for raw binops. A raw binary structure (or simply a raw
bistruct), denoted by (X, *) (or simply X), is a set X equipped with a raw binop * on itself.
If * is a raw binop, then we perefer to write z € x xy instead of (x,y) x z, and denote by
xxy the set of all z in X satisfying z € x*y. Given raw binary structure (X, *), we call * by
trivial if T () = X2 x X or '(%) = 0.

We can ask the natural question of whether the raw binop on a set X creates a base
on X. In this article, we show that our answer to this question is positive. For this, we
first introduce our three basic definitions: left operand, right operand and output set. The
well-known fact in set-theoretical topology that topologies can be generated by collections
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of subsets of sets points to the importance of these three concepts we have introduced
[8,9, 11]. To put it more explicitly, we will be using left operand, right operand and output
sets when generating three topologies from a raw binary operation.

2. LEFT OPERAND, RIGHT OPERAND AND OUTPUT SETS
Definition 1. Let (X, *) be a raw bistruct and (a,b) € X?.

(1) The left operand set of (a,b) with respect to *, denoted by L ,) (a,b), Ls (a,b),
or simply L(a,b), is defined by {x € X|b € x*a}.

(2) The right operand set of (a,b) with respect to *, denoted by Rx . (a,b), R« (a,b),
or simply R (a,b), is defined by {x € X|b € a*x}.

(3) The output set of (a,b) with respect to *, denoted by Ox . (a,b), O« (a,b), or
simply O (a,b), is defined by {x € X|x € axb}.

Proposition 2.1. Let * : X*> +< X be a raw binary operation, and a,b,c € X.

(1) Foreveryx,y,z€X,z€ O (x,y) =x€L(y,z) < y€ER(x,2).
(2) (a) IfL(b,c) # O, then there exists x € X such that R (x,c) # 0 and O (x,b) # 0.
(b) IfR(a,c)# 0, then there exists x € X such that L(x,c) # 0, and O (a,x) # 0.

(c) If O(a,b) # 0, then there exists x € X such that L(b,x) # 0 and R (a,x) # 0.

(3) (a) IfL(b,c) # X, then there exists x € X such that R (x,c) # X and O (x,b) # X.
(b) IfR(a,c) # X, then there exists x € X such that L (x,c) # X, and O (a,x) #X.
(c) IfO(a,b) # X, then there exists x € X such that L(b,x) # X and R (a,x) # X.
(b

b

(4) (a) IfL(b,c) =0, then b ¢ R (x,c) and ¢ ¢ O (x,b) for every x € X.
(b) IfR(a,c) =0, then a ¢ L(x,c) and ¢ ¢ O(a,x) for everyx € X.
(c) If O(a,b) =0, then a ¢ L(b,x) and b ¢ R(a,x) for every x € X.
(5) (a) IfL(b,c) =X, then b € R(x,c) and c € O (x,b) for every x € X.
(b) IfR(a,c) =X, thena € L(x,c) and ¢ € O(a,x) for every x € X.
(c) If O(a,b) =X, thenaeL(bx)andbeR(ax)foreveryxeX.

Proof. For (2), (3), (4) and (5), we give only the first proofs, since the others can be proved
with similar arguments.

(1) Given arbitrary a,b,c € X such that ¢ € O(a,b). Then ¢ € a*b which implies
a€L(b,c)and b € R(a,c).

(2) (a) Since L(b,c) # 0, we choose x( € X satisfying x € L(b,c). It follows by
Proposition 2.1(1) that R (xo,¢) # @ and O (xo,b) # 0.

(3) (a) Let x be an element of X satisfying x ¢ L(b,c) from the hypothesis that
L(b,c) # X. From Proposition 2.1(1), R (x,c) # X and O (x,b) # X for some
xeX.

(4) (a) By the hypothesis, L(b,c) = 0 which implies thatx ¢ L (b,c) for every x € X.
By Proposition 2.1(1), b ¢ R (x,c) and ¢ ¢ O (x,b) for every x € X, as desired.



Topologies generated by raw binary structures 25

(5) (a) Itfollows by the hypothesis that x € L (b, ¢) for every x € X. From Proposition
2.1(1), we see immediately that b € R (x,¢) and ¢ € O (x,b) for every x € X.

O

The restriction of a raw binop = on X to A C X, denoted by #|4, is a raw binop on A
defined by
x#|ay = (xxy)NA for every x,y € A.

Also, a left operand set L., (a,b) is called the restriction of the left operand set L, (a,b)
to A. Similarly, we can give this definition for the right operand sets and the output sets.

Proposition 2.2. If x : X?> +< X is a raw binop and A C X, then, the left operand (re-
spectively, right operand, output) set of (a,b) with respect to x| is the intersection of the
subset A and the left operand (respectively, right operand, output) set of (a,b) with respect
to *.

Proof. 1t can be easily seen from the definition of the restriction of a raw binop. O

3. LEFT OPERAND, RIGHT OPERAND AND OUTPUT TOPOLOGIES

We can consider a collection of subsets of a set X as a subbase for a topology on X.
If we have a raw binary structure, then we can apply this fact to the collection of all left
operand sets, the one of all right operand sets, or the one of all output sets. So we give the
following definition.

Definition 2. Let (X, *) be a raw bistruct.
(1) The left operand topology induced by (X, ), denoted by Zx ), -Z or simply .Z,
is a topology for which {L (a,b)|a,b € X} is a subbase.
(2) The right operand topology induced by (X, ), denoted by % x ), % or simply
Z, is a topology for which {R (a,b) |a,b € X} is a subbase.
(3) The output topology induced by (X, *), denoted by O(x ), O or simply O, is a
topology for which {O (a,b) |a,b € X} is a subbase.

Example 3.1. Let X = {a,b,c,d}. Given a raw binop * : X? +—< X defined as in the table
below.

* ‘ a b c d
al| 0 0 {b} {a,d}
b fpy A 0 {p}
cl| 0 0 {b} {b,c}
d | {b} AHach {b} {b}

Notice that the operations a*a, axb, bxc, cxa and c *b are undefined while the
operations axd, cxd, and d x b have multiple results. All left operand sets, all right



26 Kadirhan Polat

operand sets and all output sets for the raw bistruct (X,*) are given in the following
tables, respectively:

L ‘ a b c d R ‘ a b c d
al| 0 {b,d} 0 0 a | {d} {c} 0 {d}
by 0  {bd 0 bl 0 {ady {b} 0
c| 0 A{acd} 0 0 c| 0 {c,d} {d} 0
d d

{a} {bc,d} {c} {a} {p} {acd} {p} 0
0| a b ¢ d
al| 0 0 {b} {a,d}
bl {p} {3 0 {b}
d

0 0 {b} {bc}

oy Afacp {p} {}
Observe that the last table above exhibiting all output sets is as the same as the op-
eration table. Moreover; these two tables are the same for any raw bistruct. Considering

these tables, we obtain the left operand topology, the right operand topology and the output
topology induced by the raw bistruct (X,*) as

< ={0,X,{a},{c},{d} {a,c},{a,d},{b,d} ,{c,d} ,{a,b,d},{a,c,d},{b,c,d}},
Z=1{0,X,{b},{c},{d},{a,d},{b,c},{b,d},{c,d},{a,b,d},{a,c,d} ,{b,c,d}},

and
ﬁ = {03X7{a}7{b}7{C}’{a7b}7{a7c}7{a’d}7{bﬁc}7{a7b7c}’{a7b7d}’{a7c7d}}7
respectively.

Proposition 3.2. Let (X,*) be a raw binary structure.

(1) The left operand (respectively, right operand, output) topology is indiscrete iff
L(a,Db) (respectively, R(a,b), O (a,b)) is either X or 0 for every a,b € X.

(2) The topologies £, # and O are all indiscrete iff the raw binop * is trivial.

(3) The left operand (respectively, right operand, output) topology is discrete iff each
singleton subset of X is a intersection of finitely many of left operand (respectively,
right operand, output) sets.

Proof. (1) We give only the proof for the left operand topology. The other proofs
follow similar arguments to those used in here.
(=) This part of the proof follows immediately from the definition of left operand
topology.
(<) Assume that . is not indiscrete. Then we can find a non-empty -£-open set
Gy, which is a proper subset of X. So Gy is a union of finite intersections of non-
empty left operand sets at least one of which does not equal X. This contradicts
the hypothesis, therefore the assumption that . is not indiscrete is false.
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)

3)

(=) Assume that the raw binop x is not trivial, that is, I' (%) # 0 and T"(x) # X.
Then there exists two ordered pair in X? x X, one of which, say ((a,b),c), is
in I'(x) and the other of which, say ((d,e),f), is not in I'(*). It follows that
L(b,c) # 0 and R(d, f) # X. By the hypothesis and Proposition 3.2(1), we have
L(b,c) =X and R(d, f) = 0. This implies that d € L(b,c) and b ¢ R(d, f). Then
ce O(d b) # f which means O (d,b) is both nonempty and proper subset of X,
which is impossible. Thus the assumption that * is not trivial has led to a contra-
diction. Consequently, * is trivial.
(<) The necessary condition can be easily proved using Definition 2.
We give only the proof for the left operand topology. The other proofs follow
similar arguments to those used below.
(=) This part of the proof follows immediately from the definition of left operand
topology.
(«<=) Let x be an arbitrary point in X. By the hypothesis, there exists a finite subset
A of X? such that M(a,p)ea L (a,b) = {x}. Then, since all finite intersections of
members of the subbase {L(a,b)|a,b € X} form a base A for the left operand
topology -Z on X, Z contains all singleton subsets of X. Hence .Z is discrete.
g

Theorem 3.3. If (X, %) is a raw bistruct and A C X, then (A,f*‘A) (respectively, (A,%*‘A),
( *‘A)) is a subspace of (X,-%.) (respectively, (X, %), (X, 0y)).

Proof. We give only the proof for the left operand topology. The other proofs follow
similar arguments to those used in here.

Let (X, ) be a raw bistruct and let G be an arbitrary .|, -open set. Then, by the definition
of the left operand topology, there exists a collection .% of finite subsets of A% such that
G =Urez N(ap)er Ly, (@, b). It follows by Proposition 2.2 that

Set H =
that G =

G= U ﬂL*|Aab

FeZ (ab)eF

U () (L.(a,b)NA)

FEZ (ab)eF

=U | N Li(ab)|nA

FeZ \(ab)eF

= U [ Liab)|NA.

FeZ (ab)eF

7 L, (a,b). Then, by the Definition 2(1), H is a .Z,-open set such
UFEJ n(a,h)EF Y P
HNA. Since G is an arbitrarily chosen .Z, |, -open set, the proof is complete. [
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Theorem 3.4. Let (X, ) be a raw bistruct. The collection of all left operand (respectively,
right operand, output) sets is a base for a topology on X iff the following are provided:

(1) for every point x € X, there exists a left operand (respectively, right operand,
output) set containing x, and

(2) if x is a point in the intersection U of a pair of left operand (respectively, right
operand, output) sets, then there exists a left operand (respectively, right operand,
output) set containing x and contained by U.

Proof. We give only the proof for the left operand topology. The other proofs follow
similar arguments to those used in here. Let (X, %) be a raw bistruct.

(=): (1) Letxbe an arbitrary pointin X. For some subset A C X2, X = Uap)ea L(a,b)

since {L(a,b) |a,b € X} is a base for a topology on X. Then, there exists an
ordered pair (a,b) in A such that x € L(a,b).

(2) Let U be an intersection of two left operand sets. Given x € U. It follows
from the fact that {L(a,b) |a,b € X} is a base for a topology on X that U =
U(ap)ea L (a,b) for some subset A C X 2. Then, there exists an ordered pair
(a,b) in A such that x € L(a,b). Say (ag,bo). Thus x € L(ag,bg) CU.

(«<): X is the union of all left operand sets since there exists a left operand set
containing an arbitrary point x in X. Let U be an intersection of two arbitrary
left operand sets and x € U. Then, by the hypothesis, there exists an ordered
pair (ay,by) € X? such that x € L(a,,b,) C U. Therefore, the union of such left
operand sets L (ay,by) gives U. Hence the proof is complete.

d

Theorem 3.5. Let * and o be two raw binops on a set X. %, is finer than %, iff, for
every x € X and every finite subset A of X?, there exists a finite subset B of X? such that
x € Nap)ea L= (a,b) implies x € (g pyep Lo (a,0) € N(ap)ea L (a,b). Similar conditions
also hold for right operand and output topologies.

Proof. We give only the proof for the left operand topology. The other proofs follow
similar arguments to those used in here. Let *,0 : X? +< X be two raw binops.

(=): Letx € X and A be a finite subset of X2 such that x € L, (a,b) for every (a,b) €
A. Set G = (4 p)ca L« (a,b). Since the collection of all left operand sets generates
Y, G € .. By the hypothesis, it also holds that G € .%,. Then, since the
collection of finite intersections of left operand sets with respect to * is a base
for %, and G is a .Z,-open set, there exists a finite subset B C X 2 such that x €
ﬂ(a,h)eBLO (a’b) cG.

(«): It’s necessary to show that every Z.-open set G is also a .%,-open set. Let
x be an arbitrary element of G. It follows immediately from the way the left
operand topology .7 is generated that x € (), 5)ea L+ (a,b) C G holds for some

finite subset A C X2. Then, by the hypothesis, there exists a finite subset B C X>
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such that x € (g p)epLo (@,0) € Nap)ea L (a,b) € G. Since x is arbitrary, G €
Z, holds.

O

4. FURTHER WORK

We plan our next work to be a detailed examination of the separation axioms in each
of the left operand, right operand, and output topologies generated by a raw binop. Imme-
diately after, our study is to be a detailed study of the characteristics of each topological
space created by a raw binop when it satisfies a certain one of the group-like axioms such
as totality (closureness), associativity, identity, invertibility, and commutativity.

5. CONCLUSION

Some useful results obtained in this work can be summarized as follows: The left
operand (respectively, right operand, output) topology generated by a restriction of a raw
binop is a subspace of the left operand (respectively, right operand, output) topology gen-
erated by this raw binop. We have given the necessary and sufficient conditions for col-
lections of the left operand (respectively, right operand, output) sets to be the base for a
topology. We have presented the conditions for the two left operand (respectively, right
operand, output) topologies generated by two raw binops defined on it to be comparable.
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